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Abstract. — Let p be a prime. We resolve a question posed by Mind¢-Rogelstad—Tan. We
relate the Zassenhaus and the lower central series of pro-p groups under a torsion-freeness
condition.

We also study graph products of (pro-p) groups under natural assumptions. In particular,
we compute their graded Lie algebras associated with the previous filtrations, as well as their
cohomology over F,. Our approach relies on various filtrations of amalgamated products,
as studied in Leoni’s PhD thesis. Explicit examples are provided using the Koszul property.

As a concrete application, we compute the cohomology over F, and the graded Lie
algebras associated with the filtrations of graph products of fundamental groups of surfaces.
These groups furnish new examples satisfying the torsion-freeness condition, which arises
in the question of Mina¢—Rogelstad—Tén.

Right Angled Artin group (RAAG) theory associates a graph to a group. It plays
a fundamental role in geometric group theory and combinatorics. For further details,
consult [8] and [2]. In recent years, this theory has also developed several applications
for absolute Galois groups. Snopce and Zalesskii [34] have precisely determined which
RAAGs are realized as maximal pro-p quotients of absolute Galois groups. These results
were later extended by Blumer, Quadrelli and Weigel [5]. Recently the author [14]
together with Maire, Mina¢ and Tan used RAAG theory to give presentations of maximal
pro-2 quotients of absolute Galois groups of Formally Real Pythagorean fields of finite
type. This result yielded new examples of pro-2 groups which are not maximal pro-2
quotients of absolute Galois groups.

Graph products, originally introduced in [11], generalize RAAGs. With their fil-
trations and cohomology rings, they play a fundamental role in geometric group theory.
We refer to [29] and |7, Chapter 4]. Concretely, we fix an undirected graph I' .= (X, E)
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on X = {1,...,k} and a family of (pro-p) groups G == {1G, ..., G}. Note that the cate-
gory of (pro-p) groups is endowed with a coproduct [ [. Then, we define the graph prod-
uct T'G' as the quotient of | [*_, ;G by the normal (closed) subgroup generated by [;G, ;G|
where {7, j} € E.

In this paper, we study filtrations and cohomology groups of graph products
under a torsion-freeness condition.  This condition is motivated by a question
of Mina¢-Rogelstad-Tan [27, Question 2.13|, which we answer fully and affir-
matively. The same torsion-freeness condition was also studied independently by
Marmo-Riley—Weigel [25], where it is referred to as y-free. More precisely, |25, Theorem
B| relates the Zassenhaus and lower central filtrations under this condition (see also
Remark 1.2). At present, few examples satisfying this torsion-freeness condition are
known. In this work, we show that graph products provide several new examples derived
from previously known ones.

Filtrations on groups and the question of Minac¢-Rogelstad-Tan. — In general,
we denote by @) a finitely generated pro-p group. Let A be either F,, the field with p
elements, or Z,, the ring of p-adic integers. If A and B are two subgroups of @), we
define [A, B] the closed normal subgroup of @) generated by [a,b] == a~'b~*ab. We also
define AB the closed normal subgroup of () generated by ab with a € A and b € B.
Consider Q1(A) := @, and for every integer n > 2:

(1) Qul(Zy) =1[Q,Qn1(Z,)], and Qn(F,) := Q[%](Fp)p H [Qi(Fp), Qi (Fp)],
i+j=n
where [2] is the smallest integer greater than or equal %. The filtration Q.(F,) is called

the Zassenhaus filtration of @), while Q4(Z,) is the (topological) lower central series of ().
For every positive integer n, these two filtrations are related by the Lazard formula:

Qu(Fp) = H Qi(Zp)pj'
ipi=n
See for instance |9, Theorem 11.2] for a proof.
From these filtrations, we construct the A-graded (locally finite) Lie algebras:

ZL(A,Q) =P Z.(A,Q), where

‘i’ﬂn(Av Q) = QR(A)/QH-H(A)? and an(Aa Q) = rankAgn(A7 Q)

In this paper, we are mostly interested in groups @) such that Z(A, Q) is torsion-free
over A. Although this condition is automatic when A := F,, it is generally difficult to
verify when A := Z,. Our main example follows from Labute [17, Theorem| (see also
[27, Remark 2.12]). We also refer to [25] for several other examples. We consider @p,
the pro-p completion of the fundamental group of a surface of genus g, given by the
presentation:

g
(P,) r,xgon oy || [l u] = 1.
j=1

Similarly to [17, Theorem|, we have an explicit formula for a,, (A, g;p) depending only
on p, n and ¢. Let n be a positive integer, and let us write n = mp*»"™, where vp(n) is



the p-adic valuation of n, and m and p are coprime. As a consequence of [27, Lemma 5.4
and Theorem 2.9|, we have the relation:

—~p —~p —~p —~p —~p
an(]Fp’Sg ) = am<Zp7 Sy ) + amp(va Sg )+ amp2(Zp7 Sy )+t an(va Sy )-

Assume that () is a finitely generated pro-p group such that £ (Z,, Q)) is torsion-free.
Minac-Rogelstad-Téan [27, Question 2.13] asked whether the above equality holds for Q.
In [12, Theorem 3.5|, the author gave a partial answer. In this paper, we give a complete
answer:

Theorem A. — Assume that £ (Z,, Q) is torsion-free. Let n be a positive integer, and
let us write n == mp*»™ | with m coprime to p. Then

(2) an(Fpa Q) = am(Zp> Q) + a'mp(Zpa Q) + amp2 (Zpa Q) + o+ a’n(Zpa Q)

The proof of Theorem A is presented in the first section. It is based on Theorem 1.1,
which relies on strict filtered maps. These maps were well studied by Leoni [21]. Let us
note that Marmo, Riley and Weigel |25, Theorem B| allows us to deduce an alternative
proof of Theorem 1.1 (see Remark 1.2).

Results on filtrations of graph products. — We now use graph product theory to
obtain new examples of pro-p groups ) such that .Z(Z,, Q) is torsion-free.

From a collection G := {1G, ..., G} of finitely generated pro-p groups, we obtain
a collection of A-graded Lie algebras Z(A,G) = {Z(A1G),..., Z(A,rG)}. In this
paper, we consider families G satisfying the property:

(#4) For every 1 < i < k, the algebra Z(A,;G) is torsion-free over A.

This condition is automatic over [, it is introduced only to standardize the notations.
Since the category of graded algebras also admits a coproduct (that we also denote by [ ]),
we define the graph product:

IZ(A,G) = HX(A,iG)/<[$(A,uG),$(A,UG)]| {u,v} € E).

This paper is devoted to the study of filtrations on I'G. Precisely, we show:

Theorem B. — Let G be a family of finitely generated pro-p groups. Assume that G
satisfies (=), then (i) the algebra £ (A, I'G) is torsion-free, and (ii) we obtain the equality

Z(ATG) ~T.Z(A,G).

The proof of Theorem B is presented in Section 2. The main argument follows
from filtrations on amalgamated products studied in Leoni’s thesis [21, Chapter 4|. This
is precisely Theorem 2.3 of this paper. We refer to [32, §9.2| for further details on
amalgamated products.

Koszulity and gocha series of graph products. — A graded algebra over F, is
said to be Koszul if it is generated in degree 1, with relations of degree 2 and admits
a linear resolution. The Koszul property, also called Koszulity, allows us to efficiently
compute the Zassenhaus filtration and the dimensions of the cohomology groups over [F,,.
This property has significant applications in current algebra and geometry. For further
details, we refer for instance to [30], [38] and [37].



Consider E(A, Q) the completed group algebra of () over A. This algebra is endowed
with the filtration { £, (A, Q)}.en given by the n-th power of the augmentation ideal. This
allows us to introduce the (locally finite) graded-A-algebra

E(A,Q) = Grad(E(A,Q)) = @é"n(A, Q), where &,(A, Q) = E,(A,Q)/E,1(A, Q).

neN

We also define

gocha(A, Q,t) =1+ Z cn(A,Q)t",  where ¢, (A, Q) = dimg, &,(A, Q),

n=1
log(gocha(A, Q.1)) = — Y (9OCha(AnQ 2 = Y 0u(A,Q)t",  where b,(A, Q) € Q.
n=1 neN

The name gocha comes from Golod and Shafarevich (see for instance [19, Ap-
pendice A.3|). Computations of these series are justified by the following explicit re-
lations. They come from [27, Theorem 2.9]. Let 1 be the Mobius function and we write
n = mp*»™ where m and n are coprime. We have

(23 @) =1 % 3 /)b (2, Q).
mln
(3) L
Q) =2 3 Y ( )pmb (F,, Q).

v=0 pUm|n

Theorem A is a consequence of Theorem 1.1: for every positive integer n, we
have ¢, (F,, Q) = c,(Z,, Q) (and so b,(F,, Q) = b,(Z,,Q)). Precisely, Equalities (3) and
Theorem 1.1 allow us to recover the Equality (2).

Let H*(Q) be the graded (continuous) cohomology algebra of @ over F,.
When & (F,, Q) is Koszul, it was shown in [13, Proposition 1] (see also [21]) that H*(Q)
is the quadratic dual of &(F,, Q). So H*(Q) is Koszul. We denote by & the algebra of
noncommutative polynomials over {X7, ..., X;}, with d the minimal number of genera-
tors of Q. We write H*(Q) = &/.7*(Q), where .#*(Q) is a two-sided ideal generated by a
family S'(Q) of homogeneous polynomials of degree 2. We define h"(Q) = dimg, H"(Q),
which is well defined when &(FF,, )) is Koszul. We infer:

Proposition 1 (Theorem 3.1, Proposition 3.4 and Corollaries 3.3 and 3.6)
Assume that &(F,,;G) is Koszul, for 1 < i < k, with a minimal system of
generators {;X;} for 1 < j <.d. Then &(F,,I'G) is Koszul, with a minimal system of
genemtors{X}for1<2 kand1<j <.
Let & be the graded algebra of noncommutative series on {;X;} where 1 <i <k and
1 <j<;d. We have:

H*(T'G) ~ &/#(TG), and

gocha(I'G,t) = m, where  H*(I'G,t) =1+ Z R (TG)t"

neN



Furthermore .7 (T'G) is the two-sided ideal of & generated by the family:
k
= U SGG)' U Sﬁl) v Sg), where

SU = {0 X) (o X0) + (X)) (Xa) forl<u<v<kand1<a<,d1<b<,d
§ = {(uXa) (b Xp), foru#v{u,v} ¢ E and 1 <a<,d,1<b<,d}c&.

Z > > MGG) (G,

im )€l N1+ +nm=n

Moreover:

-----

where Ty, is the set of m—cl@ques (complete subgraphs of T' with m wvertices).

Application to abstract groups. — We obtain analogous results for abstract groups.
Let @ be a finitely generated abstract group. Assume that A and B are subgroups of ).
We define AB the normal subgroup of @) generated by ab, and [A, B] the normal subgroup
of @ generated by [a,b] = a~'b"'ab, for a in A and b in B. We consider A? the normal
subgroup of A generated by all p-th powers in A. Analogously to (1), we introduce the
Zassenhaus filtration @Q.(IF,) and the lower central series Q.(Z) of ). Let B be either the
ring I, or Z, both endowed with trivial filtration (or gradation). As in the pro-p case,
we define Z (B, Q) and a,(B, Q). Since @ is finitely generated, the numbers a, (B, Q)
are well-defined for all positive integers n. From a family G = {G, ..., G} of finitely
generated abstract groups, we obtain families Z(B, G) = {Z(B,1G), ..., Z(B,G)} of
locally finite graded B-Lie algebras. As in the pro-p case, we define graph products of
abstract groups and Lie algebras over Z.

We fix a prime p, and we denote by @p the pro-p completion of ). Observe that @p
is a finitely generated pro-p group. We define cg: ) — @ the natural morphism from @
to its pro-p completion, which induces two maps:

co(F,): L(Fy, Q) — ZL(F,,Q"), and co(Z,): L(2,Q) @y Ly — L (L, Q").
A well-known topological argument (following for instance from [9, Proposition 1.19])

shows that co(F,): Z(F,, Q) — Z(F,, QP) is an isomorphism when @ is finitely gener-
ated. Let us also observe that a family G = {1 ..., kG} of finitely generated abstract

groups, defines a family GP = {1/\ p, . kG } of ﬁnltely generated pro-p groups, and

canonical morphisms that we denote by ;c: ;G — G rather than c,;. We say that G
satisfies the condition (xz), if for every 1 < i < k, and every prime p, we have the following
condition:

(v2) (i) the Z,-module .Z(Z,, Z-/C\T‘p) is free,
*Z —~~

(1) the map ;¢(Z,): L (Z,,G) ®z Z, — L (Z,, iGp) is an isomorphism..
We show in this paper the following result:

Corollary 1 (Theorem 4.6). — Let G = {1G, ..., G} be a family of finitely generated
abstract groups and let p be a prime. Then Z(F,,I'G) ~ T ' Z(F,,G).
Additionally, assume that G satisfies (xz), then L(Z,T'G) is torsion-free and

L(2,TG) ~TL(Z,G), and L(Z,TG)QyZy~ L (L) TG?) ~T.L(Z,,G").
Thus, for every positive integer n, and every prime p, we have a,(Z,I'G) = a,(Z,, F@p).



The isomorphism Z(F,,I'G) ~ ' Z(F,, G) was previously proved in the following

cases:

(i) The graph I' is free or complete. We refer to [22] and [21] for generalizations.

(77) The group I'G is a RAAG. For instance, see [36, Theorem 6.4].

(77i) The group I'G is a graph product of a family G given by 1G = 3G = -+ = ;G =
Z/pZ. This case was shown by Panov and Rahmatullaev [29]. When p = 2, we infer
Coxeter groups.

The isomorphism .Z(Z,I'G) ~ I'Z(Z, G) still holds for the case (i7) of RAAGs. We
refer to [36, Theorems 6.3 and 6.4]. The previous isomorphism also holds in the following
case given by [33, Corollary|. Assume that I'/ is a free graph. We take G a family of
groups such that, for every 1 < i < k, (a) the Z-module Z(Z,;G) is torsion-free and
(b) we have the equality (), .x iGn(Z) = {1}. It was shown that £ (Z,1/G) ~ TV £ (Z,G).
The condition (a) is indeed necessary. Let I'G be a Coxeter group (as described in the
case (i17)). Then the algebra Z(Z,'G) has torsion. See |35, Proposition 4.1]. Veryovkin
also showed [35, Example 4.3, for I'/*2 the free graph on two vertices, that

LT, T12G) 2 (I72.2)5(Z,G) = (I12G),(2) /(112G 3(Z),

Using geometric tools, the cohomology groups over F, (with the trivial action) of
graph products of abstract groups were computed in |1, Theorem 2.35]. In this paper, we
relate the cohomology of graph products in the abstract and pro-p cases. We say that a
finitely generated group @ is p-cohomologically complete if for every positive integer n we
have H"(Q) ~ H™(QP?). Labute [16] gave first examples of p-cohomologically complete
groups. This notion was later studied by Lorensen [24]|. He showed that RAAGs are p-
cohomologically complete. He also proved that this property is stable by some HNN
extensions and some amalgamated products. In this paper, we show:

Proposition 2 (Corollary 4.3 and Remark 4.4). — Let G = {1G,...,; G} be a
family of finitely generated abstract groups. Let p be a prime. The following assertions
hold.

o If for every 1 < i < k the group ;G s p-cohomologically complete. Then the
group I'G is p-cohomologically complete.

o More generally, if for every positive integer n and every 1 < @ < k, we
have h"(;G) < o, then:

WMIG) =Y ) > EMGG) (G,

m=1 (il ..... im)EFm nit-+nm=n

Example. — Let {19,...,,9} be a collection of positive integers. We denote by S,
a surface of genus ;9. We define ;G the fundamental group of S,,. Let us write S =
{S,g,-.-, 5,4} and G == {1G,...,;G}. Let I' be an undirected graph. From |29, Proposi-
tion 2.9|, there exists a pointed topological space, that we denote by I'S, with fundamental
group I'G. The space I'S is constructed as the graph product of the family S by I". We re-
fer to |29, Construction 2.1]. In this example, we study I'G. Let us first observe from |11,
Theorem 5.6| and [3, §1.3] that the group I'G is residually p-finite, i.e. the group I'G in-

jects into its pro-p completion I'G'. Equivalently, we infer N,en(TG)n(Fp) = {1}



For every 1 < @ < k and every prime p, both the abstract group ;G, and the pro-p

group Z-Gp, admit presentations:

ig

(Py) Gy ey iTigs iY1s - -+ iYigl H[ixj;iyj] =1).

j=1

Since ;C\Jp is a Demushkin group, it follows from [26, Theorem C|, that the alge-
bra &(F,, Z-Gp) is Koszul. Moreover

H‘(;C\?p t) =1+ 2,9t +t*, gocha(F ,;C\lpj) = ;
’ P 1-— 21gt + t2

By Labute [17], the family G also satisfies the condition (i) and (ii) of Corollary 1.
Consequently, for every graph I', the algebra .2 (Z, I'G) is torsion-free. Thus Proposition 1
provides

~ 1
ZL(7,TG) ~TX(Z,G), and gocha(I'GP,t) = —————, for every prime p.
(2.TG) > T2(2,G),  and gochallGP.0) = y

Furthermore, we deduce from Labute [16| that for every 1 < i < k, the group ;G
is p-cohomologically complete. As a consequence of Proposition 2, the group I'G is p-
cohomologically complete. Hence, we show that, for every positive integer n:

KIG) = RMIGP) = ) D mL,G) (G,
m21 (iq,....im )€l N1+ +Nm=n
where h°(;G) = 1, h'(;G) = 2,9, h*(;G) = 1 and h"(;G) = 0 for n > 3.
Finally, let us also observe thaE Corollary 1 yields for every positive integer n and
every prime p the equality a,(Z,,I'G?) = a,(Z,I'G).

Example 1. — As a concrete ezample, let us consider the graph T given by:
2 3
1
We take 19 = 29 = 39 = 2. For 1 <i <k, the group ;G is presented by:

(P.c) Gy iy Y1, Y| il = iz, ayn][iw2, iy = 1).

The group I'G (resp. F@p) is an amalgamated product and admits a presentation (Prg)
(resp. a pro-p presentation (Pra,)) given by

e 12 generators {;x;,;y;} for 1 <i <3 and 1 <j <2,

e 35 relations: 11, ol, 31, [uTa, vTb], [wYaro¥s] and [wTa, vys] for {u,v} = {1,2} or{u,v} =
{1,3} and 1 < a,b < 2.
The dimensions of the cohomology groups of I'G over F, (with trivial action) are given
by:

RYTG) =12, h*(G)=35 K G) =16, h*TG) =2, and h"(TG) =0 forn > 5.

For every prime p, the gocha and Poincaré series of TGP are given by:

~ 1 . - 2 3 4
gocha(I'GP|t) = 131 £ 352 — 165 £ 2’ H*(T'G?,t) = 1+ 12t + 35¢° + 16t° + 2t".




From Theorem A, we obtain for instance:

al(Z, FG) = ]_27 CLQ(Z, FG) = 31, (l3(Z, FG) = 1687 CL4(Z, FG) = 928,
and  a5(Z,I'G) = 5704.

Structure of the paper. — We begin with some prerequisites on graded and filtered
algebras, as well as the Magnus isomorphism. Then the first section contains the proof
of Theorem A. The second section provides various new examples fitting the conditions
of Theorem A. This section establishes Theorem B. It is based on arguments from [21,
Chapter 4]. The third section studies the cohomology of graph products of pro-p groups.
The main argument follows from Koszulity and this section shows Proposition 1. Finally,
the last section generalizes the results on graph products of pro-p groups to the case of
finitely presented abstract groups. It yields proofs of Corollary 1 and Proposition 2.
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As this paper is technical in nature, we provide a table of notations to assist the
reader. We restrict our attention to pro-p groups. The corresponding notations in the
abstract group setting are given in the last section. For a fixed prime p, all of the
graded [F,-Lie algebras are assumed to be p-restricted.



Symbol Meaning

P A prime number.
A Either F, (field with p elements) or Z, (ring of p-adic integers).
[z,y] Commutator 1ty tzy.
E(A) Noncommutative series over { Xy, ..., Xy}, filtered by deg(X;) =1 for 1 <i < d.
E,.(A) The n-th power of the augmentation ideal.
&(A) Noncommutative polynomials over {X1,..., Xy}, graded by deg(X;) = 1.
Z(A) Free graded A-Lie algebra on {Xj, ..., X}, with deg(X;) = 1.
U (L) Universal enveloping algebra of a graded A-Lie algebra .Z.
F Free pro-p group with d generators.
R Normal closed subgroup of F' generated by r relations {l,...,[.}.
Q=F/R Finitely presented pro-p group with d generators and r relations.
Ua Magnus isomorphism of A-filtered algebras between
the completed group algebra of F' over A and E(A).
I(A,R) Closed two-sided ideal of E(A) generated by ¥, (r — 1) with r € R.
E(A, Q) Quotient of E(A) by I(A, R).
E.(A Q) The n-th power of the augmentation ideal of F(A, Q).
Yag Isomorphism of A-filtered algebras (from Magnus) between
the completed group algebra of @ over A and E(A, Q).
Qn(Z,) The n-th term of the lower central series of Q.
Qn(F)) The n-th term of the Zassenhaus filtration of Q).
E(A, Q) Quotient of &(A) isomorphic to @, En(A, Q)/Eni1(A, Q).
(A, Q) A-Rank of E,(A,Q)/E,+1(A, Q)
gocha(Q,t) Gocha (Golod-Shafarevich) series of @ given by Y ¢, (F,, Q)t".
Z(A,Q) Quotient of Z(A) isomorphic to @, @n(A)/Qni1(A).
an(A, Q) Rank of .Z, (A, Q) over A.
H*(Q) Continuous group cohomology of ) over F),.
H*(Q,t) Poincaré series of @, given by >, h"(Q)t", with h*(Q) = dimg,(H"(Q)).
I'=(X,E) Undirected graph with set of vertices X = {1,...,k} and set of edges E.
r, Set of n-cliques (complete subgraphs with n vertices) of I
(11,...,1n) €Ty An n-cliques of T', satisfying i; < iy < -+ < iy,.
G A finitely presented pro-p group.
{iz; };-d:l, {il;}5_,  Systems of generators and relations of ;G.
G = {,G}r, A family of finitely presented pro-p groups.
E(A, Q) Family {&(A,;G)}r_| of graded locally finite A-algebras.
Z(A,G) Family {Z(A, ;G)}%_, of graded locally finite Lie-A-algebras.
o = {; gk, &/ is either G, &(A,G) or Z(A,G).
|4 Graph product of &7 by T.
T = ("X,’E), '« 'T is a subgraph of I" and "7 is the subfamily of <7 indexed by 'X.
LT Canonical map from T/ — '/

TABLE 1. Summary of n%tations used in the paper.



Prerequisites on algebras and the Magnus isomorphism

We introduce some well-known facts on graded /filtered A-Lie algebras. For further
background, we suggest that the reader consult [19], [12], [21] and [13]. We only study
pro-p groups in this section. We refer to the last section for results in the abstract case.

Pro-p groups and Lie algebras. — In this subsection, we recall some facts on pro-p
groups and some related Lie algebras.

e The ring A is either seen as a filtered ring (with trivial filtration) or as a graded ring
(with trivial gradation). This allows us to make the abuse of notations Grad(A) = A. A
filtered algebra (resp. graded, resp. graded Lie) is said to be over A if it is an A-module.
If (A, {A,}nen) is a filtered algebra, we define the degree of an element a € A, denoted
by wa(a), as the least integer n such that a is in A,\A,+;. We also have a notion of
degree of graded rings. We say that ¢: A — B is a morphism of filtered algebra if
wp(d(a)) = wala). A map ¢ is strictly filtered if for every b € Im(¢) there exists a € A
such that ¢(a) = b and wa(a) = wp(b).

e We assume the extra condition that F,-graded Lie algebras are restricted, i.e.
endowed with an operation e? satisfying some specific properties (see [9, Section 12.1]
for further references). A graded (Lie) A-algebra o7 = @), 4, is called locally finite
if rank, <7, is finite for every positive integer n. In this paper all of our graded (Lie) A-
algebras are locally finite.

e We have a functor Grad from the category of A-filtered algebras to A-graded
algebras. Let us refer to [19, Chapitre Premier, §1,2] for further details. We denote
by % (<) the A-universal envelope of a A-graded Lie algebra 7.

e Let () be a finitely presented pro-p group with set of generators {x1,...,z4} and
relations {ly,...,[,}. We fix a presentation:

(Po) 1>R—>F—>"™Q—1.

e Assume that each variable X, of F(A) is endowed with degree 1. Then E(A) is
a filtered algebra, and we denote its filtration by {E,(A)},eny. Magnus [19, Chapitre II,
Partie 3] gave an isomorphism of A-filtered algebras ¢, between the completed group
algebra of F over A and E(A). For every 1 < i < d, the morphism ¢, sends z; to 1 +
X;. We denote by I(A,R) the closed two sided ideal of E(A) generated by ) (r —
1) for r in R. We define S(A, R) = @,y Fn(A, R)), where I,(A,R) = I(A,R) N
E,(A). Consider E(A,Q) = E(A)/I(A,R) and &(A,Q) = &(A)/I(A,R). The A-
algebra E(A, Q) is endowed with a (quotient) filtration, that we denote by {E,,(A, @)} nen-
We also have &(A, Q) = @,y 6n(A, Q) where &,(A, Q) = E,(A,Q)/E,11(A, Q). From
the Magnus isomorphism and the presentation (Pg), we infer an isomorphism of filtered A-
algebras ¥, ¢ between E(A, () and the completed group algebra of () over A. We deduce
presentations

0— I(A,R) -2 E(A) - E(A, Q) — 0,
0 — j(A, R) _,Grad(ea,Q) (go(A) _,Grad(ems,q@) (go(A’ Q) 0.

Observe that (E(A, Q), {E,(A, Q) }nen) is isomorphic to the completed group algebra of Q
over A filtered by the n-th power of the augmentation ideal.

e From Magnus isomorphism, we deduce an isomorphism of graded Lie A-
algebras: Z(A) ~ @, F,(A)/Fo41(A). We define Z(A,Q) from (Pg) by the quo-
tient of Z(A) isomorphic, through the Magnus isomorphism, to @, . -Z.(A, Q) where

neN
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Z(A Q) = Qn(A)/Qn+1(A). In this paper, we assume (or show) that £ (A, Q) is free

over A. Since () is finitely generated, we define
cn(A, Q) =ranky&,(A,Q), and a,(A, Q) = rank,.Z, (A, Q).

From [15, Theorem 1.3] and [12, Corollary 1.4], if Z(A, Q) is torsion-free over A,
then Z (Z(A,Q)) ~ &(A, Q), which is also torsion-free by the PBW Theorem.

e When A is clear from the context, in order to simplify the notations, we prefer
to write E(Q), &(Q), Z(Q), I(R), #(R)... rather than F(A,Q), &(A,Q), Z(A,Q),
I(A,R), (A, R)...

Graph theory and algebraic structures. — We denote an n-clique of I, i.e. a max-
imal complete subgraph of I" with n vertices, by its n-uplet vertices (iy,...,4,). We order
this n-uplet of vertices by ¢; < ¢;,.;. We define I';, the set of n-cliques of I.

We consider o == {147, ..., </} a family of objects in one of the following categories:

1. finitely generated pro-p groups, where [e, ] denotes the commutator, and (e) is the
normal closed subgroup generated by e,

2. (locally finite) A-graded Lie algebras, where [e, o] denotes the Lie-bracket, and (e)
is the A-Lie-ideal generated by e,

3. finitely generated A-filtered algebras, where [X,Y] = XY — Y X for X and Y
elements in a finitely generated A-filtered algebra, and (e) is the closed two-sided
ideal generated by e.

All of these categories are endowed with a coproduct. For every i € X, we have canonical
maps ;& — ]_[?:1 ;. We define the graph product '@ of the family & by I' by:

I = Hiﬂ/@u(ua)wv(va)]l {u,v} € E).

Let T == ("X, E) be a subgraph of I". We define the subfamily </ = {;&};ex of &/
indexed by 'X. This allows us to define the graph product ‘'T'(".e?’). We also infer canonical
maps tpyp: 'T(') - T/, and 1ppp: Tl — 1" .

Let G == {1G, ..., G} be a family of finitely presented pro-p groups. For 1 <i <k,
we denote by {;x1,...,;x,q4} a set of generators and {;l1,...,;l.} a set of relations of ;G,
for 1 < i < k. We have a free presentation ;G ~ ;F/;R. Let ;&(A) be the graded
algebra on ; X; over A where 1 < j < ;d, and every variable ;X; has degree one. We also
define .# (A, ; R) the two sided ideal of ;& (A) generated, through the Magnus isomorphism,
by Grad(;R). This allows us to define &(A,;G) = ;8(A)/ I (A, ;R).

1. Proof of Theorem A and some applications

This section proves Theorem A using techniques from the author [12], Lazard [19]
and Leoni |21, Chapter 1, §1.1-§1.3]. Then we apply these techniques to infer Proposi-
tion 1.11, which is a result on the torsion-freeness of graph products over some algebras.

We assume here that () is a finitely generated pro-p group and .Z(Z,, @) is torsion-
free. Observe that [31, Corollary 4.2 allows us to recover the notations from [12], i.e.
for every positive integer n:

Qn(Zy) ={a€ Q[ Vz,0(q¢—1) € En(Zy, Q)}

11



1.1. Proof of Theorem A. — Strictly filtered maps play a fundamental role in our
proof. We refer to the previous section and [21, Chapter 1, §1.1-§1.3] for general references
on them. Recall, from Equations (2) and (3), that it is sufficient to show the following
result.

Theorem 1.1. — For every positive integer n, we have ¢,(F,, Q) = ¢,(Z,, Q).

Remark 1.2. — Let us note that Theorem 1.1 can be proved using |25, Theorem B|
and universal enveloping algebras. Here we present an alternative proof that does not
involve p-restricted Lie algebras. The arguments developed in this subsection are also
useful for the study of graph products. We refer to the subsection 1.2.

Let us introduce the group algebra A[Q], which is, through the Magnus isomorphism,
dense in F(A, Q). Thus, we have a map

$pa: B(Zy,Q) — E(F,,Q);  defined by ) ayq € Z,[Q] — > agq € F,[Q],
qe@ qeQ

where @, is the image of a4 in Z, modulo pZ,. This map is a surjection of filtered Z,-
algebras. By abuse of notation, we denote by ¢, the map ¢, p: E(Z,) — E(F,). This
application maps a series P = ), a,w to ¢,(P) = >, Guw, for w monomials, a,,
coefficients in Z, and @, in I, the image of a,, modulo pZ,. This map is surjective and
strictly filtered.

Let us also note that the map emy ¢ is defined, through the Magnus isomorphism,

by the application which sends ;. asf in A[F] to the element >, . <Zf\m(f)=q af) q
in A[Q].

Lemma 1.3. — We have the following commutative diagram, where all maps are strictly
filtered:
0 —— I(Z,) 2% E(Z,) =% E(Z,,Q) — 0
op ?p,Q
0 —— I(F,) —2% E(F,) —2% E(F,.Q) — 0

Thus we deduce the commutative diagram.:
Grad(:z,,q) Grad(e

0 —— (2, e (7§ TR (7 Q) —— 0

Grad(¢p) Grad(¢p,q)

Grad(v Grad(em
0 —— #(F,) “Lo@em ST R Q) —— 0

Proof. — The first diagram is commutative (see for instance [10, Proposition 4.3|). Fur-
thermore, by definition, the maps defined in the rows are all strictly filtered.

Since the map ¢,: E(Z,) — E(F,) is surjective and strictly filtered, then from |21,
Lemma 1.1.5|, the map emy, g © ¢, is strict. Let us now show that ¢, ¢ is strict. For this
purpose, we take u in E(F,, Q) of degree n, and we construct v in E(Z,, Q) of degree n
such that ¢, q(v) = u.

12



There exists @ in F(Z,) of degree n, such that emg, go¢, () = u. Let us denote by m the
degree of v :== em, (), so m = n. Since the diagram is commutative, then ¢, g(v) = u,
thus m < n. Therefore m = n, and so ¢, ¢ is strictly filtered. Consequently, all maps of
the previous diagram are strictly filtered. We conclude with [21, Lemma 1.3.6]. O

Remark 1.4. — Lemma 1.3 holds independently of the hypothesis that .Z(Z,, Q) is
torsion-free.

Let us now study the kernel of Grad(¢, ). For this purpose, we need the following
Lemmata:

Lemma 1.5. — The following conditions are equivalent:
(i) The Z,-graded module £ (Z,, Q) is free.
(i1) The Z,-graded module &(Z,, Q) is free.
Moreover, under these conditions, we have % (£ (Z,,Q)) ~ &(Zy, Q).

Proof. — The PBW Theorem (see [12, Corollary 1.4]) provides the implication (i) =
(7). Observe that [18, Theorem 2.4| shows (ii) — (1).

The last assertion is given by [15, Theorem 1.3|. His proof can be easily adapted to
the profinite case. n

Lemma 1.6. — We have ker(Grad(¢,0)) = p&(Z,, Q), and so an isomorphism:
&Ly, Q) /& (Zy, Q) ~ E(Fp, Q).

Proof. — From Lemma 1.5, the graded Z,-module &(Z,,()) is torsion-free. Then
from [19, Chapitre I, (2.3.12)|, the module E(Z,,()) is filtered-free over Z,. Con-
sequently, we deduce, from [19, Chapitre I, (2.3.12)], for every positive integer n a
well-defined map:

pEL(Z,, Q) — pé,(Z,y, Q);  pu — pu,

where 7 is the image of v modulo E,,11(Z,, Q)). Since &,(Z,, ()) is torsion-free, then pu = 0
implies that w is in E,1(Z,, Q). Thus, the kernel of the previous map is pE,11(Z,, Q).
Since for every integer n, pE(Z,, Q) n E,(Z,, Q) = pE,(Z,,Q), we deduce:

Grad<pE(va Q)) = @pEn(Zpa Q)/pEn+1(Zp7 Q) = p@(g(Zp’ Q)

neN

Furthermore, we have the following strict exact sequence:

0 — pE(Z,, Q) — E(Z,,Q) - E(F, Q) — 0.

From [21, Lemma 1.3.6], we obtain the graded exact sequence:

0— Grad(pE(Zp, Q)) = pé"(Zp, Q) - éa<Zp7 Q) —Crad(@,.q) g(Fm Q) — 0.

We conclude by showing that the image of the map p, = Grad(¢,)|.s(z,) is 7 (F,).

Theorem 1.7. — We have a surjective map 1, which makes the following diagram
commutative:

13



Grad(:z,,q) Grad(emz, @)

0 —— F(Z,) —5E(7,) —3E(Z),Q) — 0
Lp Grad(¢p) Grad(ép,@)
Grad(ur,,, Grad(emp
0 —— 7 (F,) E(E, b (F,. Q) — 0

Proof. — We define p, = Grad(¢,) o Grad(iz, ) and compute its image in & (F,). This
image is isomorphic to
(F(Zy) + p&(Zy)) [pE(Ly) = I (L) [ (I (Lp) 0 pE(Zy)) -
From Lemma 1.5, the Z,-module &(Z,, Q) is torsion-free. Then .#(Z,) n p&(Z,) =
p#(Z,). Thus the image of p, is I (Z,)/p-I (Z,).
Let us now show that .#(Z,)/p-% (Z,) ~ #(F,). From Lemma 1.6, we have the chain
of isomorphisms:

E(Fy)/ I (Fp) ~ EFy, Q) ~ E(Ly, Q)/pE Ly, Q) =~ (E(Ly) | I (L)) [ (E(Ly) ) I (L)) -
Similarly, since &(Z,, Q) is torsion-free, we deduce from the canonical map pé&(Z,) —
p&(Zy, Q), pu — pGrad(erz, g)(u), the isomorphism:

p&(Zy, Q) = p&(ZLy) /I (Zy).
Thus, we have
&(Fp)/ I (Bp) = (6(Zy)/pE(Zy)) | (I (Ly) /DI (Zy)) -

So S (F,) ~ S(Z,)/pH(Z,). Then the image of p, is #(F,) and the kernel of u,
is pI(Z,). O

Proof Theorem 1.1. — Let us write i,(A) = ranky.#,(A). From Theorem 1.7, we have :
n(Zy, F) = cp(Fp, F), and c¢,(Z,, Q) = c,(Fp, Q), and i,(Z,) = i,(F,).
From ¢, (A, F) = i,(A) + ¢,(A, Q), it follows that ¢,(Z,, Q) = ¢, (Fp, Q). O
Remark 1.8. — The proof of Theorem 1.1 also shows that i, (F,) = i,(Z,) for every

positive integer n.

1.2. Graph products of graded algebras. — We aim here to study torsion on graph
products of algebras using techniques from the previous section. Let us start with the
following lemma:

Lemma 1.9. — Assume that G satisfies (x4), then the A-universal envelope of U L (A, G),
denoted by % (T L (A, GQ)) is isomorphic to T'& (A, G).

Proof. — The universal envelope functor % from the category of locally finite graded A-
Lie algebras to the category of A-associative algebras is a left adjoint, so preserves colimits.
Furthermore, it preserves products (see |6, §2, Proposition 2|). Thus % preserve graph
products (see [29, §2|), and so

UL A, G) ~TU (LA, G),

where Z(A,G) := {ZL(A1G),..., Z(A,G)}. Since G satisfies (x4 ), we observe (see for
instance [12, Corollary 1.4]) that % (Z(A,;G)) ~ &(A,;G). Thus

U (TLA, Q) ~TEM,G).
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We now state the starting point of the proof of Theorem B.

Theorem 1.10. — Let G be a family of finitely generated pro-p groups satisfying (+4).
Let TV be the free graph on k vertices.
We have: L(ATYG) ~TT L(A,G) and (A, T/G) ~TVE(A, G). Furthermore:

U (L (2,,T7Q)) ~ &(Z,, TV Q).

Proof. — The case A = F, was proved by |22, Theorem 1.2|. Indeed only the abstract
case was considered, but we can conclude for the pro-p case using Lemma 1.9 and |9,
Page 312| (cu(Fp, Q) = rankg, I1(G)/I2,,(G) where I)(G) is the n-th power of the aug-
mentation ideal of the group algebra of G over F,).

The case A = Z, follows from |33, Corollary| (originally, only the abstract group case
was considered, but an adaptation of this proof to the pro-p case is straightforward). In-
deed, we have .Z(Z,, 1V G) ~ IV £ (Z,, G) which are both torsion-free. Furthermore, since
every pro-p group ;G is finitely generated, we observe that (), . Gn(Zy) < [),cn Gn(Fp) =
{1}. Finally, from [12, Corollary 1.4], we conclude that % (£ (Z,,T/G)) ~ &(Z,,T7/G).

[

The rest of this section aims to illustrate techniques used in the proof of Theorem 1.7.
Let G = {1G,..., G} be a family of finitely generated pro-p groups satisfying (xz,). We
introduce &(Z,,G) = {&(Z,,1G), ..., E(Zy, 1G)}. We show that the algebra I'€(Z,, G)

is torsion-free.

Proposition 1.11. — If the family G satisfies the condition (xz,) then I'&(Z,,G)
and ' £(Z,, G) are free over Z,.

Proof. — From Lemma 1.5, it is sufficient to show that I'¢’(Z,, G) is torsion-free. Recall
that &(A,;G) == ;&(A)/F (A, ;R), and we define '/ . (A, R) the two sided ideal in & (A)
generated by Z(A,;R) for every 1 < ¢ < k, and Z(A,T") the ideal in & generated by
[; X., jX,] with {i, j} € E. Observe that T.# (A, R) = I/ #(A, R) + .# (A, T) is the kernel
of the map &(A) —» I'é (A, G). Take u in &,(Z,). We show that if pu is in (I'".#),,(Z,, R),
then u is also in (I'.¥),(Z,, R).

From Theorem 1.10, it follows that that the algebra &(Z,, T/G) ~ [ [\, &(Z,,:G) is
torsion-free. Denote by Gr a Right Angled Artin group presented by relations [;zy, ;%]
with {i,j} € E. Then, the algebra &(Z,,1') = &(Z,)/#(Z,,1) ~ % (ZL(Z,,Gr)) is
torsion-free (see for instance [36] or |2| for further references). Thus, from Theorem 1.7,
we deduce surjections

ppric: T I (Zy, R) — T/ F(Fy, R), and p,r: S (Zy,T) — F(F,,T).

We define n(F,) (resp. d(F,)) a F, basis of I/ .#(F,, R) (resp. #,(F,,I')). Using
tpric, Hpr and Remark 1.8, we lift these basis to 7)(Z,) (resp. §(Z,)) which is a basis
of (I".9),(Z,, R) (resp. #,(Z,,T")). Recall that &(Z,,I''G) and &(Z,, Gr) are torsion-
free. Thus if pu is in (IV.#),(Z,, R) (resp. #,(Z,,T)) then u is in (I'V.#),(Z,, R)
(resp. S, (Z,,T)).

We observe that #(Z,) = TY.7(Z,,R) n Z(Z, ) is an ideal in &(Z,) and
&(Zy)] 7 (Zy) is torsion-free over Z,. Thus we rewrite n(Z,) := {1/(Z,),3(Z,)} (resp.
§(Z,) = {8'(Z,), B(Z,)}) a Zy-basis of (I'.9),,(Z,, #) (vesp. F,(Z,,T')) where 3(Z,) is
a Z,-basis of (I ), (Z,, #) n I,(Z,,T).
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In particular, the family n(Z,) v §(Z,) = {7'(Z,),0"(Z,), B(Z,)} is Z,-free, and gener-
ates (I'.7),,(Z,, R). Furthermore, if pu is in (I'.#),,(Z,, R), then we write:

pu = Z it (Zy) + ;6 (Zp) + auBy(Zy).
Which provides, mod p the relation:

0= Z an;(F,) + a5 (Fp) + @ B(Fy),

where @ is the image of a modulo pr. Therefore, o;, o; and g are all in pZ,, thus we
write:

pu=p Y (ani(Zy) + G03(Zy) + GBI(Zy)).
Sou =3, (ni(Zy,) + o05(Z,) + alﬁl( Z,)) is an element in I'.¥(Z,, R). O

2. Proof of Theorem B

In order to prove Theorem B, we need some results on amalgamated products and
related filtrations. Leoni [21] studied the Zassenhaus filtration of amalgamated products
under a natural condition. As we see in this section, his result can be extended for the
lower central series.

Let us denote by F the fraction field of A. We define E(Q,,Q) the completed
group algebra of () over Q,. For every integer n, we denote by E,(Q,,Q) the n-
th power of the augmentation ideal of E(Q,,Q). The algebra FE(Q,,Q) is fil-
tered by the family {E,(Q,, Q)}nen. We consider &,(Q,,Q) = Grad(E(Q,,Q)) =
@D,en En(Qp, Q)/Ey+1(Q,, Q). Let us denote by F[Q] the group algebra of @ over F,
filtered by the n-th power of the augmentation ideal. Since () is finitely generated, we
observe that & (F, Q) ~ Grad(F[Q]). Let us also define Z(Q,,Q) = Z(Z,, Q) ®z, Q,.
As showed by Quillen [31, Theorem|, the algebra &(IF,(Q) is the universal envelope
of Z(F,Q).

Theorem 2.1 (Quillen). — If Q is a finitely generated pro-p group, we have a graded

1somorphism:
U(Z(F,Q)) = &(F,Q).

Let 1, Q2 and H be finitely generated pro-p groups. We assume that we have
morphisms A\: H — @1 and X\: H — Q3. From A and )Xy, we infer mor-
phisms Grad(F, \;): Z(F,H) — Z(F,Q,) and Grad(F, \;): L(F,H) — Z(F,Q>).
Therefore, we define the amalgamated product:

Q=] ]Q
H

We also have an amalgamated product of Z(F,Q,) and Z(F, Q) over Z(F, H), that
we denote by Z(F, Q1) [ [ gp gy £ (F, Q2). We refer to [32] and [21, Chapter 4] for more
details on amalgamated products.

We have a natural morphism Z(F, Q1) [ [y g 2L (F,Q2) — ZL(F,Q). Leoni [21,
Theorem 7, Chapter 4] showed that the previous morphism is an isomorphism when F =
F, and Grad(F,, \;) is injective for i € {1,2}. This motivates the following definition:

Definition 2.2. — Let H and @ be finitely generated pro-p groups. Assume that we
have an injective morphism A\: H — (). We say that H is strictly F-embedded in @ if
the morphism Grad(F, \): Z(F, H) — Z(F, Q) is injective.
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Leoni’s proof of [21, Theorem 7, Chapter 4| yields the following result:

Theorem 2.3 (Leoni). — Let QQ1, Q2 and H be finitely generated pro-p groups such
that H is strictly F-embedded in Q)1 and in Q3. Then the graded morphism

L) [[ ZF Q) —L(F Q] ]Q2)

Z(F,H)
s an isomorphism.
2.1. Field situation. — Let G be a family of pro-p group satisfying (x,) and I" be an
undirected graph. As before, the family G defines a family of graded F-Lie algebra:

Z(Fa G) = {X(F, 1G)7 s 7$(F7kG)}

We naturally define I''Z(F, G). The goal of this subsection is to show the following result:
Theorem 2.4. — We have an isomorphism

Z(FTG) ~TZ(F,G).

The proof will be done by induction on the number of vertices of I'. Let 'T" == ('X,'E)
be a subgraph of I' and ‘G be the subfamily of G indexed by 'X. We have a canonical
map vpr: 'I'G — I'G which maps ;x; to ;z; for every i € ‘X and 1 < j < ,d.

Lemma 2.5. — The map vryp: 'T'G — T'G is injective. Furthermore, the associated
map Grad(A, vpr) is injective. Similarly, we have an injection 'T'E(F,,'G) — I'&(F,, G).

Proof. — For every 1 € 'X and 1 < j < ;d, we observe that:
lr/m © L’F/F(ixj) = iy, and Grad(A, LF/’F) o Grad(A, L’F/F)(z’Xj) = zX]
Thus, we infer the following commutative diagram:

tpye Grad(A,pr)
_—

ra T(G) L(ATG) L(A,T'C)
avis id Grad (A1) i
TG LA, TC)

Therefore, we conclude that v and wpr, 4 are both injective. Considering similar
diagrams, we also show that we have an injection 'T&('G) — I'8(G). O

Corollary 2.6. — For every subgraph 'T' of T', the pro-p group 'T'G is strictly F-
embedded in I'G.

Proof. — From Lemma 2.5, we have an injection:
Grad(A, LT/F)I g(A, /F/G) — X(A, F)

We conclude tensorizing by F over A. O
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Proof of Theorem 2.4. — We argue by induction on k, the number of vertices of I'. If k =
1. This is fine. Let us now assume that £ > 1. We have the following alternative.

() If the graph I' is complete, then we deduce that I'G ~ Hle :G. Thus Z(A,TG) ~
@211 Z(A,,G) ~TZ(A,G), and:

Z(F,TG) ~ L(ATG)RF ~ (éX(A,iG ) RF ~ @k}z F,;G) ~ I.Z(F,G).

i=1

(i7) We assume that I' is not complete. Then there exists two vertices a and b which are
not connected by an edge. We define °T", °T" and “T" the subgraphs of I with vertices X\{a},
X\{b} and X\{a, b}. Consider °G = G\{,G}, °G = G\{,G} and °G = G\{,G,,G}. Note,
from Lemma 2.5 and Proposition [32, Proposition 9.2.1], that we have the following
isomorphism:

IG =~ (‘TG) [ [ (r*G).
(cl“cG)
A similar isomorphism was observed by Green [11, Proof of the Lemma 3.20]. We also
recall, from the induction hypothesis, that:

Z(F,'T'G) ~ TZ(F,'G), whereie {a,b,c}.

Furthermore, from Corollary 2.6, the pro-p group ‘I'°G is strictly F-embedded in TG
and in ’T°G. Thus, from Theorem 2.3, we conclude

Z(F.IG) =~ Z(F,"T°G) ] Z(F'T'G)=TL(F,QG).
ZL(F,cTeq)
O

2.2. The case A = Z,. — To conclude the proof of Theorem B, we show the following
result:

Theorem 2.7. — Assume that G satisfies the condition (xz,), then £ (Z,,T'G) is
torsion-free, and we have:

(7, TG) ~TL(Z,,G).

We introduce the following notations.
o If 7 is a graded Lie algebra over Z,, we define a,(.2) = rankz, .2,
o If £ is a graded Lie algebra over Q,, we define a, (%) = dimg, .%;,.

Lemma 2.8. — Let £ be a graded-Lie algebra over Z,. The following assertions are
equivalent:

e For every integer n, we have a,(Z ®z, Q) = a(ZL).

o The Z,-module £ is torsion-free.

Proof. — Let us write £ = Lfree @ Lior, where Ly is the free part of £ and 2, is
the torsion part. The module .Z is torsion-free if and only if %, is trivial. We conclude
the proof using the following isomorphism:

<z ®Zp Qp = gfree ®Zp Qp'
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Let Z(A,G) be the family {Z(A1G,..., L (A G)}. We recall that I Z(A,G) is
the graph product of the family .Z (A, G) by I'. This is a quotient of .Z(A), the free
graded Grad(A)-Lie algebra on ;X for 1 <i <k and 1 <j <d.

Lemma 2.9. — We have a natural surjective morphism of A-Lie algebras o: T £ (A, G) —
Z(ATG), where Z(A,G) = {ZL(A1G),...,Z (A, ,G)}.

Therefore, we have a surjection of graded-Lie algebras:
a@QyF: TZ(F,G) - Z(F,I'G),
where L (F,G) := {ZL(F,1G),..., L (F,G)}.
Proof. — Consider the presentation
1-TR—-F—->TIG—1,

where F' is the free pro-p group on ;X for 1 <i < kand 1 < j <;d, and I'R is the closed
normal subgroup of F' generated by ;R with 1 <i<k and [uXas v Xp] With {u,v} € E
and 1 <a < ,dand 1 <b < ,d. We define Z(I') the kernel of the following epimorphism:

&: L(A) - L(ATQ).

Observe that Z(I) is isomorphic to @, 'RNF,(A)/TRNF,11(A). Let us write £ (A, ;G) =
L [i#, where ;. Z is a free A-Lie algebraon ; X1, ..., X4, and ;. Z ~ @, (R n i F,(A )) (RN iFhi1(A))
(the isomorphism is given by Magnus). Since for every positive integer n, ;F,(A) < F,(A),
then ;% embeds into a subset of Z(A). In particular, since ;R < 'R, we infer
that ;Z < Z(T).
Let I'Z be the A-Lie ideal in -Z(A) generated by ;% with 1 < ¢ < k and the family 7 =
{[uXas v Xp]} with {u,v} e Eand 1 < a < ,dand 1 < b < ,d. ThlS is the kernel of the
canonical morphism Z(A) — I'Z(A, G). To conclude, we easily observe that v = Z(T).
Thus T'Z < Z(T'), and so & induces a surjection

a: T.Z(A,G) — Z(A,TG).

G
/

]

Proof of Theorem 2.7. — Since G satisfies the condition (+z,), then, from Proposi-
tion 1.11, the Lie algebra I"#(Z,, G) is torsion-free. From Lemmata 2.8 and 2.9, we
obtain the following inequalities:

an(TZ(Qy, G)) = an(TL(Zy, G)) = an(L(Zy, T'G)) = an(ZL(Qy, T'G)) = an(TZL(Qy, G)),

the last equality is given by Theorem 2.4.

This implies that a,(Z(Z,,I'G)) = a,(Z(Q,,I'G)). Thus Z(Z,,I'G) is torsion-free,
and the morphism o ®z, Q,: I'Z(Q,, G) — Z(Q,,I'G), given in Lemma 2.9, is an
isomorphism. Consequently, the surjective morphism o: I'?(Z,,G) - Z(Z,,I'G) is
also an isomorphism. O

Corollary 2.10. — Assume that the family G satisfies (x4). Then & (A, I'G) is torsion-
free. Furthermore, if we define &(A,G) = {&(A,1G),...,E(A,G)}, we infer

E(A,TG) ~TE(A, Q).
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Proof. — From Theorem 2.7, the A-module Z(A,T'G) is torsion-free. Thus, we infer
the following argument. On the one hand, from Lemma 1.5, we have Z (Z(A,T'G)) ~
&(A,T'G). On the other hand, from Lemma 1.9, we have Z (I 'Z(A,G)) ~ T'&(A,G).
Therefore, we have:

E(A,TG) ~TE(A,G).

3. Computation of gocha series and Koszulity

In this section we only consider finitely presented pro-p groups. Let G be a family of
pro-p groups. Except Corollary 3.6, we assume that A = F,, and that for every 1 < ¢ < &,
the graded algebra &(;G) is Koszul.

3.1. Graph product of Koszul algebras. — We show the following result:

Theorem 3.1. — Assume that for every 1 < i < k, the graded algebra &(;G) is Koszul,
then the graded algebra &(I'G) is also Koszul.

Proof. — We proceed by induction on k, the number of vertices of I'.

If £ =1, there is nothing to show.

If £ > 1, we distinguish the two following cases.

(i) If I is a complete graph, we deduce that &(I'G) ~ []i_, £(:G). Since for every 1 <
i < k the algebra &(;G) is Koszul, we infer by [30, Chapitre 3, Corollary 1.2| that &(I'G)
is Koszul.

(77) Let us assume that I" is not a complete graph. Then following the notations and
arguments from the proof of Theorem 2.4 (i7), we have the following isomorphisms:

TG =~ ("T°G) [ [ (I*G), and T&(G)=~T&(°G) [] Te(G).
(°T°@) TE(°G)
By induction hypothesis and Theorem 2.4, the algebras *I'&(°G), ‘T¢(°G) and TE(°G)
are Koszul. Furthemore, from Lemma 2.5, the algebra ‘I'&(°G) is a subalgebra of “I'& (“G)
G)

and ’T'¢(°G). Using |4, Lemma 3.13] from Blumer, we conclude that the algebra I'&(
is Koszul. Thus, using Theorem 2.4, we conclude that &(I'G) is also Koszul. O]

Remark 3.2. — Alternatively, if we assume that &(;G) is Koszul for 1 < ¢ < k, we can
construct a linear resolution of free graded I'¢’(G)-free modules. We are mostly inspired
by [2, Subsection 4.1].

For 1 < i < k, we consider a linear resolution of free graded &(;G)-modules:
=% (;23)F, ®r, 6(:G) —~® ((P1)F, ®F, 6(:G) - £(,G) > F, — 0,

where ;e is the augmentation map and, for every integer j > 0, the set ;%7; is a basis of
the &(;G)-module (;7;)F, ®r, &(;G).

Let us recall that an m-clique (iy,...,4,) in I';, is ordered by iy < iy < -+ < i,,. We
define a complex of free '€ (G)-modules, using the following basis:

gzn;:U U U (0, sin)| V€GP, ¢

meN (’il ..... im)EFm ni+-+nm=n
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where the n;’s can also take value zero, and the derivatives:

dni @nlﬁ‘p ®Fp F(gg(G) - @n_le ®Fp F(ga(G),

m
dn((hv’ s M'mv)w) = Z(_l)Nj (ilv7 iUy - - - 7ijdnj (ij/U)7 s 7imv) w,
j=1
with N; = 0, and Nj =N+ N
We make here a little abuse of notations: (;, v, i,v,...,4,dn,(;;0),...,:,v) does not denote

an element in &2, _;, but an element in &2, _F,@T'&(G) (precisely in &, F,@&(;,G)).

We also note that we have splittings (graded F-linear maps) ;s;: (;%;)F, g, £(;G) —
(igzj+1)]Fp ®le g(ZG) and iS—1- Fp — g(ZG), such that:

(idjs1) o (i85) + (i8j-1) © (id;) = id( 2 Foeeia) — i€,

where ;69 = ;e and ;¢; == 0 for j > 1.

To show that the complex (2, F,®r, [€(G), dy,)nen is acyclic, we introduce s_; : ), —
I'&(G) and a family of sections {s;: Z;F, @ I'€(G) - Z;.1F, ®'E(G)}j50. For this
purpose, we use the Normal Form Theorem from Green |11, Theorem 3.9|. This result
was originally provided for groups, but it can be applied for graded algebras. A IF,-basis
of Z,F,®r, ['€(G) is given by elements v.w, where:

e v, isin &, 80 v, = (;,v,...,4 v) with ¢ :== (i1,...,0,) €y ny + - + 0y, = n,

o w:= (4v)...(;05), is a word with letters ;u; € &(;G) such that for every I:

(’L) il #* ’il+1, and (Z’L) if il > il+1, then {’il,il+1} ¢ E.

We first assume that the first letter of w is not in every ; V' such that (i, i1, ...,%,) is

a (m + 1)-clique of I', and iy < iy < - -+ < i,,. Therefore, we define:

(@) su(vew) = (i 8n, (1,0), 550, - 3,05 - V) W, With i) <y < vvv <.
If we are not in the previous case, then there exists ig such that (ig,...,%y,) is in Ty,
ip < i3 < -+ < i, and the first letter wy of w = wew’ is in ;,V. Then we introduce

elements ;,v; in ;, &1 and w; in &(;,G) such that ;,s0(wo) = > ;(;,v;)w;. Thus we define

(b)  sp(vow) := Z (igVjs iy Uy« « vy iy 0) W'
J
We leave it to the reader to verify that the preceding maps are indeed splittings.
3.2. Cohomology of graph products of Koszul algebras. — Assume that for ev-
ery 1 <i <k, the algebra &(;G) is Koszul. We denote the cohomology of ;G by:
H*(,G) =~ o/*(,G) = :6/7(;G),

where 7' (;G) is a two sided ideal of ;& generated by a (known) family that we call S*(;G)
in ;& < &. For background on Koszulity, consult [23, Chapters 3 and 4]. Let us compute
the cohomology of I'(G). We recall that & is the set of noncommutative polynomials
on {;X,} with 1 <i <k and 1 <u <;d over F,, graded by deg(;X,) = 1.

Corollary 3.3. — We have the following isomorphism of graded algebras:
H*'(T'G) ~ &*(I'G) = &/ 7 (Tq),
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where 7 (T'G) is the two-sided ideal generated by the family:

S'(:G) u 51(3) U 51(3), where

C?v

i=1

= {(uXa) (b Xp) + (bXp)(uXa) for l<u<v<kandl <a<,d,1<b<,d}
) = {(.Xa)(wXp), foru#v,{u,v} ¢ E and 1 <a<,d,1<b<,d} cé.

Proof. — The algebra &(I'G) is Koszul. We compute o7*(I'G) the Koszul dual of &(I'G).
Further details on the Koszul duality can be found in [23, Chapter 3, §3.2.2|. For this
purpose, we compute .#'(I'G), the kernel of the natural surjection: & — &*(I'G). We
observe that S'(I'G) = #(I'G). Let us denote by S(;G) (resp. S(I'G)) a minimal family
in ;& (resp. &) generating .# (;G) (resp. Z(I'G)). We have

[S(CG)| = 1r+ -+ + Z odyd, and

1<u<v<k;{u,v}eE
1S(TG)| = ((1d)? = 17) + -+ ((d)? — 47) + > wdod + > wdyd.
1<v<u<k;{u,v}eE 1<usv<k;{u,v}¢E
We finally note that
dimp, & = d* = (1d + -+ + d)* = [S(TG)| + [S'(T'G)|.
Thus S'(I'G) generates the ideal #'(I'G). Since &(I'G) is Koszul, we conclude using [13,
Proposition 1] (see also [21]) that: H*(I'G) ~ &7*(I'G). O

Let us now precisely compute the gocha and Poincaré series of I'G.

Proposition 3.4. — Assume that for every 1 < i < k, the algebra &(;G) is Koszul,
then we have for every positive integer n:

WMIG) =Y ) > EmGG) (LG,

m21 (i1,...,iy )€l N1+ +nm=n

Thus, we infer
]' (] n n
gocha(F,,I'G,t) = e where H*(T'G,t) =1+ Z " (CG)t

neN

Proof. — We define the series:
Pra(t) =1+ > > (H'(G.t)=1)...(H(;,G.t) = 1) =1+ > proat"
m=1 (41,...,5m )€ m n=1
Note that for every integer n > 1, we have:
pFG,TL = 2 2 Z hnl (il G) oo hnm (ZmG)
m21 (i1,...,iy )€l N1+ +nNm=n

We also introduce Srg(t) = By induction on the number of vertices k of I', we

show that:

Prg(—t)”

Prg(t) = H*(I'G,t), and gocha(I'G,t) = Sra(t).
If k = 1, the equalities are true since &(G) is Koszul and from [13, Proposition 1].
Now, we assume that &£ > 1. We again distinguish two cases.
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e If I' is a complete graph, then

FG’~HG and &(T'G) ]‘[5

=1

For instance, using [13, Proposition 1|, Theorem 3.1 and [30, Chapter 3, Corollary 1.2],
we deduce:

Ed

Pro(t) = | [H*(:G.t) = H*(TG,t), and gocha(T'G,t) = ﬁ gocha(;G, t) = Sre(t).

i=1 i=1
e Let us assume that I' is not a complete graph. Then following the notations and
arguments from the proof of Theorem 3.1 (ii) we have the following isomorphisms:

TG~ ("T°G) [ [ (I*G), and T&(G)=~T&(°G) [] Te(G).
(cTeG) cT&(°Q)

From |20, Lemme 5.1.10] and Theorem 3.1, we have:
H*(TG,t) = H*(“T"G,t) + H*("T°G,t) — H*(‘T°G,t) = Parag(t) + Popogs(t) — Pereg(2)
=1+ > > (H(,G.t)-1)...(H(,G.t)—1)

mz=1 (i

+> > H(WG) = 1) (H(;,Gt) — 1)
- Z (H*(;,G,t) —1)...(H*(;,,G,t) — 1)
=1+ > (H'(,G.t)—1).. (H*(;,,G.t) — 1) = Prelt).

m=1 (il ..... ’im)EFm
From Theorem 3.1, the algebra &(I'G) is Koszul. Thus we obtain that gocha(I'G,t) =

Sra(t), which allows us to conclude. O

Remark 3.5. — Alternatively, we can prove Proposition 3.4 directly from the resolution
constructed in Remark 3.2.

Corollary 3.6. — Assume that for every 1 < i < k, the algebra &(F,,;G) is Koszul,
and the algebra &(Z,,;G) is torsion-free over Z,. Then we infer:

1

gocha(Z,,T'G,t) = gocha(F,,I'G,t) = TG 1)
where
H*(TG,t) = 14> h"(TG)t", and B"(TG) = > > > MGG) (G,
n m=1 (11 ..... Z‘m)EFm ni+-+nm=n
Proof. — From Proposition 3.4, we have
1
gocha(F,,I'G,t) = H TG, —1)

We conclude with Theorems A and 1.1. O
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4. Abstract group

Observe that the category of finitely generated abstract groups is endowed with a
coproduct. Thus, if G := {iG, ..., G} is a family of finitely generated abstract groups,
we similarly define its graph product I'G, which is also finitely generated. Let us fix a
prime p and consider a finitely generated abstract group . Then we deﬁne its pro-p
completion Qp and cg the natural morphism cg: @) — Qp Note that Qp 1s a finitely
generated pro-p group. From a family GG, we infer a family GP = {1 Sy kG } of finitely
generated pro-p groups. Rather than c,¢, we will use the notation ;c: ;G — G We define
H*(Q) the cohomology ring of the abstract group @) over F,, where F, is endowed with
trivial Q-action. We also denote by h"(Q), when it is defined, the integer dimg, H"(Q), for
every positive integer n. Let us recall that we always consider the continuous cohomology
for pro-p groups. So H "(@p) is the continuous n-th cohomology group of the pro-p
group @p over F,. The group () is said p-cohomologically complete if for every positive
integer n, we have H"(Q)) ~ H"(@p).

Set B either the ring [F, or Z. Let A and B be subgroups of ). We denote by
[A, B] and AB the (abstract) normal subgroups of @) generated by commutators |a, b]
and products ab, with a in A and b in B. We also denote by AP the normal subgroup
of @ generated by a? for a in A. We define Q)4(Z) and Q.(F,) the lower central and the
p-Zassenhaus series of () (as an abstract group). Precisely Q1(Z) = Q1(F,) := @ and for
every positive integer n:

Qn(Z) = [Qa anl(Z)]u Qn(Fp) = Q[%]UFp)p 1_[ [Qi<Fp)7 Qj(IFp)]'

i+j=n

Let Z(B) be the free graded B-Lie algebra on {Xj,..., X4}. Let F be an abstract
finitely generated free group on d generators. Similarly to the pro-p case, we have a
Magnus isomorphism, which induces an isomorphism:

@ F.(B)/F,1(B).

This allows us to introduce Z(B,(Q), which is the quotient of Z(B) isomorphic to
D, ey @n(B)/Qrs1(B), through the previous isomorphism. Let us also note that the

map cg: ¢ — QP induces two morphisms:

co(F,): Z(F,,Q) — L(F,,Q"), and co(Z,): L(Z,Q) Ry Zy — L(Zp,Q"),

satisfying cg(A)(X;) = X;. Observe, when () is finitely generated, that cg(F,) is an
isomorphism.

This section has two goals. We introduce a first subsection, where we recall tools
needed to study pro-p completions of graph products. The second subsection computes
the cohomology of I'G, when G is a family of p-cohomologically complete groups. The
last subsection computes £ (B, '), under some technical conditions on the family G
related to the pro-p case (precisely (xz)).

4.1. Facts on graph products and their pro-p completions. — We have the fol-
lowing easy results that we will often use later without citing them.

Lemma 4.1. — We have an isomorphism G’ ~ Ge.
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Proof. — We note that I'G” and TGP have the same presentation as pro-p groups. Thus
they are isomorphic. O

Lemma 4.2. — Let 'T = ("X,’E) be a subgraph of T' = (X, E), and consider 'G the
subfamily of G indexed by 'X. Then we have the following monomorphisms:

L{‘il;fpz T(G) —>TG, and L ’F(’G)p —Ia".

Proof. — We define L“Fl}fr: T(G) — T'G and 1f ’F/(E)p <> I'G" the canonical maps
sending ;z; to ;x; for i € "X and 1 < j < ;d.
Similarly to the proof of Lemma 2.5, we see that Ll‘il}fr and ¢}, s are monomorphisms. []

4.2. Cohomology on graph products. — The proof of the following result is based
on amalgamated products:

Corollary 4.3. — We assume that for every 1 < i < k, the finitely generated abstract
group ;G is p-cohomologically complete. Then, the group I'G is p-cohomologically com-
plete.

Proof. — We compare the cohomology groups of I'G and I'G". The argument is very
similar to the proof of Theorem 2.4.

We proceed by induction on k, the number of vertices of I' (and also the number of
groups in the family G). If k = 1, then G == {;G} and I'G = ;G is p-cohomologically
complete. Assume that & > 1. We distinguish two cases.

e If I' is complete, then I'G' ~ Hle ;G. Thus from Kiinneth formula, and its pro-p
version given in |28, Chapter II, §4, Exercise 7|, we show that for every positive integer n:

H"(PG) ~ @ @ H™ (le) R--® H™ (le)
{j1,-gi}c{1,... .k} n1+-+ni=n
~ D @ H"( )@@ H"(;,G") ~ H"(I'G").

{71, ditc{1,....k} ni+-+n=n
e We assume that I' is not complete. Then there exists two vertices a and b which are
not connected by an edge. We define °T', ’T" and “T" the subgraphs of I" with vertices X\{a},
X\{b} and X\{a,b}. We define °G = G\{,G}, °G = G\{}G} and °G = G\{,G,,G}.
From Lemma 4.2 and [32, Proposition 9.2.1|, we observe (similarly to [11, Proof of
Lemma 3.20]) that:

ré ~r(°G) [[ 'r(°G), and IG?~ ()¢ [] (r)c".
eD(eG) (cT)eG”
By the induction hypothesis, the groups *T'(“G), ’T'(°G) and °T'(°G) are p-cohomologically

complete. Using Lemma 4.2 and [24, Corollary 3.2|, we conclude that T'G is p-
cohomologically complete. O

Remark 4.4. — The author would like to thank Li Cai for bringing the following general
result to his attention. We assume that for every 1 < ¢ < k and for every positive
integer n we have h"(;G) < oo. Then, for every positive integer n, we obtain, from |1,
Theorem 2.35|, the formula:

WIrG) =Y, ) > MGG) (G,

im )ELm N1t +nm=n

-----
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From this argument and Proposition 3.4, we can deduce an alternative proof of Corol-
lary 4.3, when @“’(IFP,Z-GP) is Koszul, for 1 <i < k.

FExample 4.5. — Let us consider the case where |G = ;G = -+ = ;G = Z. We
observe that Z is p-cohomologically complete for every prime p. Thus RAAGs are p-
cohomologically complete for every p. This case was studied by Lorensen using HNN-
extensions in [24].

4.3. Filtrations on graph products. — For every ¢, we denote by ;c the natural
morphism ;c: ;G — iGp. Observe that ;¢ induces two morphisms:

io(F,): L(F,,:G) > ZL(F,,:G), and c(Z,): L(Z,:G) Rz Ly — L(Zp,:G).

Since ;G is finitely generated, then the map ;c¢(F,) is an isomorphism. Let us recall that
the family G satisfies (xz) if for every 1 < ¢ < k, and every prime p we have:

(v2) (i) the Z,-module Z(Z,, i/ép) is free,
*Z —~~
(1) the map ;¢(Z,): L(Z,,G) @z L, — L (Z,, Z-Gp) is an isomorphism.

In addition, we recall that a family of finitely generated abstract groups G defines
families of graded locally finite A and B-Lie algebras .Z(A,GP) and Z(B,G). These

families allow us to define I.Z (A, G?) and T.Z(B, G). This subsection aims to show the
following result:

Theorem 4.6. — Let p be a prime and G be a family of finitely generated abstract
groups G == {1G, ..., xG}. Then

Z(F,,I'G)~TZ(F,,G).
Furthermore, if the family G satisfies (xz), then £ (Z,T'G) is torsion-free and
L(2,TG) ~TL(Z,G), and L(Z,TG)QyZ,~TL(L,, G").
As a consequence, for every integer n and every prime p, we have:
an(Z,TG) = an(Z,,TGP).

Let us note, using the Magnus isomorphism (for the abstract case), that I'"Z(B, G)
and .Z (B, 'G) are both quotients of .Z(B), the free-B-graded Lie algebra on {; X, }1<i<k1<j<;d-

Lemma 4.7. — Assume that G is a family of finitely generated abstract groups, then
we have a canonical surjection:

for every 1 <i <k and every 1 < j < ;d.

Proof. — The proof is very similar to the proof of Lemma 2.9, using the Magnus isomor-
phism in the abstract case. O

Our main strategy is to prove, under the condition (xz), that « is an isomorphism.
Before proving Theorem 4.6, we need the following result:
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Lemma 4.8. — Assume that the family G satisifes (+z). Then I .Z(Z,G) is torsion-free
over Z, and for every prime p, we have an isomorphism:
wy: L(L,, TGP) ~ TL(Z, Q) @z L, X, — i X;,
for every 1 <i <k and every 1 < j < ,d.
Proof. — Since I'Z(Z, @) is a colimit (see for instance |29, Section 2|), we first have the
isomorphism:
IrZ(Z,G)®zZ, ~T (L (Z,G) Rz Zy) ,
where
L(2,G) @1 Ly = {L(2,1G) @ L, ..., L(Z,1,G) @z Ly} ~ L(Z,, GP),

and the last isomorphism is given by (xz, 7).

Observe that ['"Z(Z, G) is torsion-free over Z, if and only if for every prime p, the Z,-
module (I'Z(Z,G)) ®z Z, is torsion-free. We infer from the previous isomorphism and
Theorem B the following isomorphisms, defining w,:

L(2,,TG?) ~T.L(Z,, G*) ~T (L(Z,G) QL) ~ T.L(Z,G)) @z Z

Furthermore, from Theorem B, the module .Z(Z,, F@p) is torsion-free for every prime .
Thus Z(Z,T'G) is also torsion-free. O

We now prove Theorem 4.6.

Proof Theorem 4.6. — We distinguish several cases:

e We start to show that .Z(F,,I'G) ~ I'Z(F,, G) for a fixed prime p. We recall that,
for every finitely generated abstract group @), we have Z(F,, Q) ~ Z(F,,Q?). Thus,
from Theorem B, we have

Z(F, TG) ~ L(F, [G) ~ Z(F, IG*) ~ T.L(F, (") ~T.L(F,G).

e We now assume that G satisifes (+z). We show that a: ' (Z,G) - Z(Z,TG),
defined by Lemma 4.7, is an isomorphism. For this purpose, we show that for every
prime p, the associated morphism:

ap: T Z(2,G)) @2, - ZL(Z,1G) ®z L
is an isomorphism Since « is surjective then «, also and we notice that o, maps ;X;

to ; X; where 1 < i < kand 1 < ;d. Recall that the morphism crg: I'G — yes
deﬁnes a morphlsm

cra(Zy): .,s,ﬂ(z, I'G) Qs Zy — L(Zy TGP);  X;— X,

where 1 < i < kand 1 < 5 < ;d. From Lemma 4.8, we deduce the following chain of
morphlsms
I L(Z,G)Qy L, “p y L(2,TG) Ry Z
/ m;a)
L(Z,,1GP) cra Gr)oanoer s Z(Z,,TGP)

For every 1 <i < k and every 1 < j < ;d, we have cpg(Z,) o oy 0 wy(;.X;) = i X;. Thus
we deduce that crg(Z,) o a; © w, is the identity, and so an isomorphism. Since w, is an
isomorphism and o, is surjective, we deduce that o, is injective, so also an isomorphism.
Thus crg(Z,) is an isomorphism. This allows us to conclude. O]
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Remark 4.9 (Group algebras and filtrations). — Let p be a prime. Assume that Q
is a finitely generated abstract group. Consider F(B, @) the group algebra of @) over B.
Let n be a positive integer, and denote by E, (B, Q) the n-th power of the augmenta-
tion ideal of E(B,Q). We define &(B,Q) = @,y En(B,Q)/Eni1(B,Q). We observe
that &(F,, Q) ~ &(F,, QP).

Let us also note that if G is a family of abstract groups satisfying (xz), then Z(Z,I'G)
is torsion-free over Z. Moreover its universal envelope is given by &(Z,I'G). For further
details, consult [15, Theorem 1.3].
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