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Abstract. — Let p be a prime. We resolve a question posed by Mináč–Rogelstad–Tân. We
relate the Zassenhaus and the lower central series of pro-p groups under a torsion-freeness
condition.

We also study graph products of (pro-p) groups under natural assumptions. In particular,
we compute their graded Lie algebras associated with the previous filtrations, as well as their
cohomology over Fp. Our approach relies on various filtrations of amalgamated products,
as studied in Leoni’s PhD thesis. Explicit examples are provided using the Koszul property.

As a concrete application, we compute the cohomology over Fp and the graded Lie
algebras associated with the filtrations of graph products of fundamental groups of surfaces.
These groups furnish new examples satisfying the torsion-freeness condition, which arises
in the question of Mináč–Rogelstad–Tân.

Right Angled Artin group (RAAG) theory associates a graph to a group. It plays
a fundamental role in geometric group theory and combinatorics. For further details,
consult [8] and [2]. In recent years, this theory has also developed several applications
for absolute Galois groups. Snopce and Zalesskii [34] have precisely determined which
RAAGs are realized as maximal pro-p quotients of absolute Galois groups. These results
were later extended by Blumer, Quadrelli and Weigel [5]. Recently the author [14]
together with Maire, Mináč and Tân used RAAG theory to give presentations of maximal
pro-2 quotients of absolute Galois groups of Formally Real Pythagorean fields of finite
type. This result yielded new examples of pro-2 groups which are not maximal pro-2
quotients of absolute Galois groups.

Graph products, originally introduced in [11], generalize RAAGs. With their fil-
trations and cohomology rings, they play a fundamental role in geometric group theory.
We refer to [29] and [7, Chapter 4]. Concretely, we fix an undirected graph Γ – pX,Eq
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on X – t1, . . . , ku and a family of (pro-p) groups G – t1G, . . . , kGu. Note that the cate-
gory of (pro-p) groups is endowed with a coproduct

š

. Then, we define the graph prod-
uct ΓG as the quotient of

šk
i“1 iG by the normal (closed) subgroup generated by riG, jGs

where ti, ju P E.
In this paper, we study filtrations and cohomology groups of graph products

under a torsion-freeness condition. This condition is motivated by a question
of Mináč–Rogelstad–Tân [27, Question 2.13], which we answer fully and affir-
matively. The same torsion-freeness condition was also studied independently by
Marmo–Riley–Weigel [25], where it is referred to as γ-free. More precisely, [25, Theorem
B] relates the Zassenhaus and lower central filtrations under this condition (see also
Remark 1.2). At present, few examples satisfying this torsion-freeness condition are
known. In this work, we show that graph products provide several new examples derived
from previously known ones.

Filtrations on groups and the question of Mináč-Rogelstad-Tân. — In general,
we denote by Q a finitely generated pro-p group. Let A be either Fp, the field with p
elements, or Zp, the ring of p-adic integers. If A and B are two subgroups of Q, we
define rA,Bs the closed normal subgroup of Q generated by ra, bs – a´1b´1ab. We also
define AB the closed normal subgroup of Q generated by ab with a P A and b P B.
Consider Q1pAq :“ Q, and for every integer n ě 2:

(1) QnpZpq :“ rQ,Qn´1pZpqs, and QnpFpq :“ Qrn
p

spFpq
p

ź

i`j“n

rQipFpq, QjpFpqs,

where rn
p
s is the smallest integer greater than or equal n

p
. The filtration Q‚pFpq is called

the Zassenhaus filtration of Q, while Q‚pZpq is the (topological) lower central series of Q.
For every positive integer n, these two filtrations are related by the Lazard formula:

QnpFpq “
ź

ipjěn

QipZpq
pj .

See for instance [9, Theorem 11.2] for a proof.
From these filtrations, we construct the A-graded (locally finite) Lie algebras:

L pA, Qq :“
à

n

LnpA, Qq, where

LnpA, Qq :“ QnpAq{Qn`1pAq, and anpA, Qq :“ rankALnpA, Qq.

In this paper, we are mostly interested in groups Q such that L pA, Qq is torsion-free
over A. Although this condition is automatic when A :“ Fp, it is generally difficult to
verify when A :“ Zp. Our main example follows from Labute [17, Theorem] (see also
[27, Remark 2.12]). We also refer to [25] for several other examples. We consider xSg

p
,

the pro-p completion of the fundamental group of a surface of genus g, given by the
presentation:

(Pg) xx1, . . . xg, y1, . . . , yg |

g
ź

j“1

rxj, yjs “ 1y.

Similarly to [17, Theorem], we have an explicit formula for anpA,xSg

p
q depending only

on p, n and g. Let n be a positive integer, and let us write n – mpνppnq, where νppnq is
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the p-adic valuation of n, and m and p are coprime. As a consequence of [27, Lemma 5.4
and Theorem 2.9], we have the relation:

anpFp,xSg

p
q “ ampZp,xSg

p
q ` amppZp,xSg

p
q ` amp2pZp,xSg

p
q ` ¨ ¨ ¨ ` anpZp,xSg

p
q.

Assume that Q is a finitely generated pro-p group such that L pZp, Qq is torsion-free.
Mináč-Rogelstad-Tân [27, Question 2.13] asked whether the above equality holds for Q.
In [12, Theorem 3.5], the author gave a partial answer. In this paper, we give a complete
answer:

Theorem A. — Assume that L pZp, Qq is torsion-free. Let n be a positive integer, and
let us write n – mpνppnq, with m coprime to p. Then

(2) anpFp, Qq “ ampZp, Qq ` amppZp, Qq ` amp2pZp, Qq ` ¨ ¨ ¨ ` anpZp, Qq.

The proof of Theorem A is presented in the first section. It is based on Theorem 1.1,
which relies on strict filtered maps. These maps were well studied by Leoni [21]. Let us
note that Marmo, Riley and Weigel [25, Theorem B] allows us to deduce an alternative
proof of Theorem 1.1 (see Remark 1.2).

Results on filtrations of graph products. — We now use graph product theory to
obtain new examples of pro-p groups Q such that L pZp, Qq is torsion-free.

From a collection G :“ t1G, . . . , kGu of finitely generated pro-p groups, we obtain
a collection of A-graded Lie algebras L pA, Gq :“ tL pA, 1Gq, . . . ,L pA, kGqu. In this
paper, we consider families G satisfying the property:

(˚A) For every 1 ď i ď k, the algebra L pA, iGq is torsion-free over A.

This condition is automatic over Fp, it is introduced only to standardize the notations.
Since the category of graded algebras also admits a coproduct (that we also denote by

š

),
we define the graph product:

ΓL pA, Gq –

k
ž

i“1

L pA, iGq{xrL pA, uGq,L pA, vGqs| tu, vu P Ey.

This paper is devoted to the study of filtrations on ΓG. Precisely, we show:

Theorem B. — Let G be a family of finitely generated pro-p groups. Assume that G
satisfies (˚A), then piq the algebra L pA,ΓGq is torsion-free, and piiq we obtain the equality

L pA,ΓGq » ΓL pA, Gq.

The proof of Theorem B is presented in Section 2. The main argument follows
from filtrations on amalgamated products studied in Leoni’s thesis [21, Chapter 4]. This
is precisely Theorem 2.3 of this paper. We refer to [32, §9.2] for further details on
amalgamated products.

Koszulity and gocha series of graph products. — A graded algebra over Fp is
said to be Koszul if it is generated in degree 1, with relations of degree 2 and admits
a linear resolution. The Koszul property, also called Koszulity, allows us to efficiently
compute the Zassenhaus filtration and the dimensions of the cohomology groups over Fp.
This property has significant applications in current algebra and geometry. For further
details, we refer for instance to [30], [38] and [37].
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Consider EpA, Qq the completed group algebra of Q over A. This algebra is endowed
with the filtration tEnpA, QqunPN given by the n-th power of the augmentation ideal. This
allows us to introduce the (locally finite) graded-A-algebra

E pA, Qq – GradpEpA, Qqq –
à

nPN
EnpA, Qq, where EnpA, Qq – EnpA, Qq{En`1pA, Qq.

We also define

gochapA, Q, tq – 1 `
ÿ

ně1

cnpA, Qqtn, where cnpA, Qq – dimFp EnpA, Qq,

logpgochapA, Q, tqq – ´
ÿ

ně1

pgochapA, Q, tq ´ 1qn

n
–

ÿ

nPN

bnpA, Qqtn, where bnpA, Qq P Q.

The name gocha comes from Golod and Shafarevich (see for instance [19, Ap-
pendice A.3]). Computations of these series are justified by the following explicit re-
lations. They come from [27, Theorem 2.9]. Let µ be the Möbius function and we write
n – mpνppnq where m and n are coprime. We have

(3)

anpZp, Qq “
1

n
ˆ

ÿ

m|n

µpn{mqmbmpZp, Qq,

anpFp, Qq “
1

n
ˆ

νppnq
ÿ

v“0

ÿ

pvm|n

µ

ˆ

n

pvm

˙

pvmbmpFp, Qq.

Theorem A is a consequence of Theorem 1.1: for every positive integer n, we
have cnpFp, Qq “ cnpZp, Qq (and so bnpFp, Qq “ bnpZp, Qq). Precisely, Equalities (3) and
Theorem 1.1 allow us to recover the Equality (2).

Let H‚pQq be the graded (continuous) cohomology algebra of Q over Fp.
When E pFp, Qq is Koszul, it was shown in [13, Proposition 1] (see also [21]) that H‚pQq

is the quadratic dual of E pFp, Qq. So H‚pQq is Koszul. We denote by E the algebra of
noncommutative polynomials over tX1, . . . , Xdu, with d the minimal number of genera-
tors of Q. We write H‚pQq – E {I !pQq, where I !pQq is a two-sided ideal generated by a
family S!pQq of homogeneous polynomials of degree 2. We define hnpQq – dimFp H

npQq,
which is well defined when E pFp, Qq is Koszul. We infer:

Proposition 1 (Theorem 3.1, Proposition 3.4 and Corollaries 3.3 and 3.6)
Assume that E pFp, iGq is Koszul, for 1 ď i ď k, with a minimal system of

generators tiXju for 1 ď j ď id. Then E pFp,ΓGq is Koszul, with a minimal system of
generators tiXju for 1 ď i ď k and 1 ď j ď id.

Let E be the graded algebra of noncommutative series on tiXju where 1 ď i ď k and
1 ď j ď id. We have:

H‚
pΓGq » E {I !

pΓGq, and

gochapΓG, tq “
1

H‚pΓG,´tq
, where H‚

pΓG, tq – 1 `
ÿ

nPN

hnpΓGqtn.
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Furthermore I !pΓGq is the two-sided ideal of E generated by the family:

S!
pΓGq “

k
ď

i“1

SpiGq
!
Y S

p1q

Γ Y S
p2q

Γ , where

S
p1q

Γ – tpuXaqpvXbq ` pvXbqpuXaq for 1 ď u ă v ď k and 1 ď a ď ud, 1 ď b ď vdu

S
p2q

Γ – tpuXaqpvXbq, for u ‰ v, tu, vu R E and 1 ď a ď ud, 1 ď b ď vdu Ă E2.

Moreover:
hnpΓGq “

ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq,

where Γm is the set of m-cliques (complete subgraphs of Γ with m vertices).

Application to abstract groups. — We obtain analogous results for abstract groups.
Let Q be a finitely generated abstract group. Assume that A and B are subgroups of Q.
We define AB the normal subgroup of Q generated by ab, and rA,Bs the normal subgroup
of Q generated by ra, bs – a´1b´1ab, for a in A and b in B. We consider Ap the normal
subgroup of A generated by all p-th powers in A. Analogously to (1), we introduce the
Zassenhaus filtration Q‚pFpq and the lower central series Q‚pZq of Q. Let B be either the
ring Fp or Z, both endowed with trivial filtration (or gradation). As in the pro-p case,
we define L pB, Qq and anpB, Qq. Since Q is finitely generated, the numbers anpB, Qq

are well-defined for all positive integers n. From a family G – t1G, . . . , kGu of finitely
generated abstract groups, we obtain families L pB, Gq – tL pB, 1Gq, . . . ,L pB, kGqu of
locally finite graded B-Lie algebras. As in the pro-p case, we define graph products of
abstract groups and Lie algebras over Z.

We fix a prime p, and we denote by pQp the pro-p completion of Q. Observe that pQp

is a finitely generated pro-p group. We define cQ : Q Ñ pQp the natural morphism from Q
to its pro-p completion, which induces two maps:

cQpFpq : L pFp, Qq Ñ L pFp, pQp
q, and cQpZpq : L pZ, Qq bZ Zp Ñ L pZp, pQp

q.

A well-known topological argument (following for instance from [9, Proposition 1.19])
shows that cQpFpq : L pFp, Qq Ñ L pFp, pQpq is an isomorphism when Q is finitely gener-
ated. Let us also observe that a family G – t1G, . . . , kGu of finitely generated abstract
groups, defines a family pGp – tx

1G
p
, . . . , x

kG
p
u of finitely generated pro-p groups, and

canonical morphisms that we denote by ic : iG Ñ x

iG
p

rather than c
iG. We say that G

satisfies the condition p˚Zq, if for every 1 ď i ď k, and every prime p, we have the following
condition:

(˚Z)

#

piq the Zp-module L pZp,xiG
p
q is free,

piiq the map icpZpq : L pZ, iGq bZ Zp Ñ L pZp,xiG
p
q is an isomorphism..

We show in this paper the following result:

Corollary 1 (Theorem 4.6). — Let G – t1G, . . . , kGu be a family of finitely generated
abstract groups and let p be a prime. Then L pFp,ΓGq » ΓL pFp, Gq.

Additionally, assume that G satisfies p˚Zq, then L pZ,ΓGq is torsion-free and

L pZ,ΓGq » ΓL pZ, Gq, and L pZ,ΓGq bZ Zp » L pZp,Γ pGp
q » ΓL pZp, pGp

q.

Thus, for every positive integer n, and every prime p, we have anpZ,ΓGq “ anpZp,Γ pGpq.
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The isomorphism L pFp,ΓGq » ΓL pFp, Gq was previously proved in the following
cases:
piq The graph Γ is free or complete. We refer to [22] and [21] for generalizations.
piiq The group ΓG is a RAAG. For instance, see [36, Theorem 6.4].
piiiq The group ΓG is a graph product of a family G given by 1G “ 2G “ ¨ ¨ ¨ “ kG –

Z{pZ. This case was shown by Panov and Rahmatullaev [29]. When p “ 2, we infer
Coxeter groups.

The isomorphism L pZ,ΓGq » ΓL pZ, Gq still holds for the case piiq of RAAGs. We
refer to [36, Theorems 6.3 and 6.4]. The previous isomorphism also holds in the following
case given by [33, Corollary]. Assume that Γf is a free graph. We take G a family of
groups such that, for every 1 ď i ď k, paq the Z-module L pZ, iGq is torsion-free and
pbq we have the equality

Ş

nPN iGnpZq “ t1u. It was shown that L pZ,ΓfGq » ΓfL pZ, Gq.
The condition paq is indeed necessary. Let ΓG be a Coxeter group (as described in the
case piiiq). Then the algebra L pZ,ΓGq has torsion. See [35, Proposition 4.1]. Veryovkin
also showed [35, Example 4.3], for Γf,2 the free graph on two vertices, that

L3pZ,Γf,2Gq fi pΓf,2L q3pZ, Gq – pΓf,2Gq2pZq{pΓf,2Gq3pZq,

Using geometric tools, the cohomology groups over Fp (with the trivial action) of
graph products of abstract groups were computed in [1, Theorem 2.35]. In this paper, we
relate the cohomology of graph products in the abstract and pro-p cases. We say that a
finitely generated group Q is p-cohomologically complete if for every positive integer n we
have HnpQq » Hnp pQpq. Labute [16] gave first examples of p-cohomologically complete
groups. This notion was later studied by Lorensen [24]. He showed that RAAGs are p-
cohomologically complete. He also proved that this property is stable by some HNN
extensions and some amalgamated products. In this paper, we show:

Proposition 2 (Corollary 4.3 and Remark 4.4). — Let G – t1G, . . . , kGu be a
family of finitely generated abstract groups. Let p be a prime. The following assertions
hold.

‚ If for every 1 ď i ď k the group iG is p-cohomologically complete. Then the
group ΓG is p-cohomologically complete.

‚ More generally, if for every positive integer n and every 1 ď i ď k, we
have hnpiGq ă 8, then:

hnpΓGq “
ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq.

Example. — Let t1g, . . . , kgu be a collection of positive integers. We denote by S
ig

a surface of genus ig. We define iG the fundamental group of S
ig. Let us write S –

tS1g, . . . , Skgu and G – t1G, . . . , kGu. Let Γ be an undirected graph. From [29, Proposi-
tion 2.9], there exists a pointed topological space, that we denote by ΓS, with fundamental
group ΓG. The space ΓS is constructed as the graph product of the family S by Γ. We re-
fer to [29, Construction 2.1]. In this example, we study ΓG. Let us first observe from [11,
Theorem 5.6] and [3, §1.3] that the group ΓG is residually p-finite, i.e. the group ΓG in-
jects into its pro-p completion xΓG

p
. Equivalently, we infer

Ş

nPNpΓGqnpFpq “ t1u.
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For every 1 ď i ď k and every prime p, both the abstract group iG, and the pro-p
group x

iG
p
, admit presentations:

(P
ig) xix1, . . . , ixig, iy1, . . . , iyig|

ig
ź

j“1

rixj, iyjs “ 1y.

Since x

iG
p

is a Demushkin group, it follows from [26, Theorem C], that the alge-
bra E pFp,xiG

p
q is Koszul. Moreover

H‚
px

iG
p
, tq “ 1 ` 2igt ` t2, gochapFp,xiG

p
, tq “

1

1 ´ 2igt ` t2
.

By Labute [17], the family G also satisfies the condition piq and piiq of Corollary 1.
Consequently, for every graph Γ, the algebra L pZ,ΓGq is torsion-free. Thus Proposition 1
provides

L pZ,ΓGq » ΓL pZ, Gq, and gochapΓ pGp, tq “
1

H‚pΓ pGp,´tq
, for every prime p.

Furthermore, we deduce from Labute [16] that for every 1 ď i ď k, the group iG
is p-cohomologically complete. As a consequence of Proposition 2, the group ΓG is p-
cohomologically complete. Hence, we show that, for every positive integer n:

hnpΓGq “ hnpΓ pGp
q “

ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq,

where h0piGq “ 1, h1piGq “ 2ig, h2piGq “ 1 and hnpiGq “ 0 for n ě 3.
Finally, let us also observe that Corollary 1 yields for every positive integer n and

every prime p the equality anpZp,Γ pGpq “ anpZ,ΓGq.

Example 1. — As a concrete example, let us consider the graph Γ given by:
2 3

1
We take 1g “ 2g “ 3g “ 2. For 1 ď i ď k, the group iG is presented by:

(P
iG) xix1, ix2, iy1, iy2| il – rix1, iy1srix2, iy2s “ 1y.

The group ΓG (resp. Γ pGp) is an amalgamated product and admits a presentation pPΓGq

(resp. a pro-p presentation pPΓ pGpq) given by
‚ 12 generators tixj, iyju for 1 ď i ď 3 and 1 ď j ď 2,
‚ 35 relations: 1l, 2l, 3l, ruxa, vxbs, ruya, vybs and ruxa, vybs for tu, vu “ t1, 2u or tu, vu “

t1, 3u and 1 ď a, b ď 2.
The dimensions of the cohomology groups of ΓG over Fp (with trivial action) are given
by:

h1pΓGq “ 12, h2pΓGq “ 35, h3pΓGq “ 16, h4pΓGq “ 2, and hnpΓGq “ 0 for n ě 5.

For every prime p, the gocha and Poincaré series of Γ pGp are given by:

gochapΓ pGp, tq “
1

1 ´ 12t ` 35t2 ´ 16t3 ` 2t4
, H‚

pΓ pGp, tq “ 1 ` 12t ` 35t2 ` 16t3 ` 2t4.
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From Theorem A, we obtain for instance:

a1pZ,ΓGq “ 12, a2pZ,ΓGq “ 31, a3pZ,ΓGq “ 168, a4pZ,ΓGq “ 928,

and a5pZ,ΓGq “ 5704.

Structure of the paper. — We begin with some prerequisites on graded and filtered
algebras, as well as the Magnus isomorphism. Then the first section contains the proof
of Theorem A. The second section provides various new examples fitting the conditions
of Theorem A. This section establishes Theorem B. It is based on arguments from [21,
Chapter 4]. The third section studies the cohomology of graph products of pro-p groups.
The main argument follows from Koszulity and this section shows Proposition 1. Finally,
the last section generalizes the results on graph products of pro-p groups to the case of
finitely presented abstract groups. It yields proofs of Corollary 1 and Proposition 2.

Contents
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As this paper is technical in nature, we provide a table of notations to assist the
reader. We restrict our attention to pro-p groups. The corresponding notations in the
abstract group setting are given in the last section. For a fixed prime p, all of the
graded Fp-Lie algebras are assumed to be p-restricted.
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Symbol Meaning

p A prime number.
A Either Fp (field with p elements) or Zp (ring of p-adic integers).
rx, ys Commutator x´1y´1xy.
EpAq Noncommutative series over tX1, . . . , Xdu, filtered by degpXiq “ 1 for 1 ď i ď d.
EnpAq The n-th power of the augmentation ideal.
E pAq Noncommutative polynomials over tX1, . . . , Xdu, graded by degpXiq “ 1.
L pAq Free graded A-Lie algebra on tX1, . . . , Xdu, with degpXiq “ 1.
U pL q Universal enveloping algebra of a graded A-Lie algebra L .
F Free pro-p group with d generators.
R Normal closed subgroup of F generated by r relations tl1, . . . , lru.
Q – F {R Finitely presented pro-p group with d generators and r relations.
ψA Magnus isomorphism of A-filtered algebras between

the completed group algebra of F over A and EpAq.
IpA, Rq Closed two-sided ideal of EpAq generated by ψApr ´ 1q with r P R.
EpA, Qq Quotient of EpAq by IpA, Rq.
EnpA, Qq The n-th power of the augmentation ideal of EpA, Qq.
ψA,Q Isomorphism of A-filtered algebras (from Magnus) between

the completed group algebra of Q over A and EpA, Qq.
QnpZpq The n-th term of the lower central series of Q.
QnpFpq The n-th term of the Zassenhaus filtration of Q.
E pA, Qq Quotient of E pAq isomorphic to

À

nPNEnpA, Qq{En`1pA, Qq.
cnpA, Qq A-Rank of EnpA, Qq{En`1pA, Qq

gochapQ, tq Gocha (Golod-Shafarevich) series of Q given by
ř

n cnpFp, Qqtn.
L pA, Qq Quotient of L pAq isomorphic to

À

nPNQnpAq{Qn`1pAq.
anpA, Qq Rank of LnpA, Qq over A.
H‚pQq Continuous group cohomology of Q over Fp.
H‚pQ, tq Poincaré series of Q, given by

ř

n h
npQqtn, with hnpQq – dimFppHnpQqq.

Γ “ pX,Eq Undirected graph with set of vertices X “ t1, . . . , ku and set of edges E.
Γn Set of n-cliques (complete subgraphs with n vertices) of Γ.
pi1, . . . , inq P Γn An n-cliques of Γ, satisfying i1 ă i2 ă ¨ ¨ ¨ ă in.
iG A finitely presented pro-p group.
tixjuid

j“1, tiljuir
j“1 Systems of generators and relations of iG.

G – tiGuki“1 A family of finitely presented pro-p groups.
E pA, Gq Family tE pA, iGquki“1 of graded locally finite A-algebras.
L pA, Gq Family tL pA, iGquki“1 of graded locally finite Lie-A-algebras.
A – tiA uki“1 A is either G, E pA, Gq or L pA, Gq.
ΓA Graph product of A by Γ.
1Γ – p1X, 1Eq, 1A 1Γ is a subgraph of Γ and 1A is the subfamily of A indexed by 1X.
ι1Γ{Γ Canonical map from 1Γ1A Ñ ΓA .

Table 1. Summary of notations used in the paper.
9



Prerequisites on algebras and the Magnus isomorphism

We introduce some well-known facts on graded/filtered A-Lie algebras. For further
background, we suggest that the reader consult [19], [12], [21] and [13]. We only study
pro-p groups in this section. We refer to the last section for results in the abstract case.

Pro-p groups and Lie algebras. — In this subsection, we recall some facts on pro-p
groups and some related Lie algebras.

‚ The ring A is either seen as a filtered ring (with trivial filtration) or as a graded ring
(with trivial gradation). This allows us to make the abuse of notations GradpAq “ A. A
filtered algebra (resp. graded, resp. graded Lie) is said to be over A if it is an A-module.
If pA, tAnunPNq is a filtered algebra, we define the degree of an element a P A, denoted
by ωApaq, as the least integer n such that a is in AnzAn`1. We also have a notion of
degree of graded rings. We say that ϕ : A Ñ B is a morphism of filtered algebra if
ωBpϕpaqq ě ωApaq. A map ϕ is strictly filtered if for every b P Impϕq there exists a P A
such that ϕpaq “ b and ωApaq “ ωBpbq.

‚ We assume the extra condition that Fp-graded Lie algebras are restricted, i.e.
endowed with an operation ‚p satisfying some specific properties (see [9, Section 12.1]
for further references). A graded (Lie) A-algebra A –

À

nPN An is called locally finite
if rankAAn is finite for every positive integer n. In this paper all of our graded (Lie) A-
algebras are locally finite.

‚ We have a functor Grad from the category of A-filtered algebras to A-graded
algebras. Let us refer to [19, Chapitre Premier, §1, 2] for further details. We denote
by U pA q the A-universal envelope of a A-graded Lie algebra A .

‚ Let Q be a finitely presented pro-p group with set of generators tx1, . . . , xdu and
relations tl1, . . . , lru. We fix a presentation:

(PQ) 1 Ñ R Ñ F Ñ
πQ Q Ñ 1.

‚ Assume that each variable Xu of EpAq is endowed with degree 1. Then EpAq is
a filtered algebra, and we denote its filtration by tEnpAqunPN. Magnus [19, Chapitre II,
Partie 3] gave an isomorphism of A-filtered algebras ψA between the completed group
algebra of F over A and EpAq. For every 1 ď i ď d, the morphism ψA sends xi to 1 `

Xi. We denote by IpA, Rq the closed two sided ideal of EpAq generated by ψApr ´

1q for r in R. We define I pA, Rq –
À

nPN InpA, Rqq, where InpA, Rq – IpA, Rq X

EnpAq. Consider EpA, Qq – EpAq{IpA, Rq and E pA, Qq – E pAq{I pA, Rq. The A-
algebra EpA, Qq is endowed with a (quotient) filtration, that we denote by tEnpA, QqunPN.
We also have E pA, Qq –

À

nPN EnpA, Qq where EnpA, Qq – EnpA, Qq{En`1pA, Qq. From
the Magnus isomorphism and the presentation pPQq, we infer an isomorphism of filtered A-
algebras ψA,Q between EpA, Qq and the completed group algebra of Q over A. We deduce
presentations

0 Ñ IpA, Rq Ñ
ιA,Q EpAq Ñ

eπA,Q EpA, Qq Ñ 0,

0 Ñ I pA, Rq Ñ
GradpιA,Qq E pAq Ñ

GradpeπA,Qq E pA, Qq Ñ 0.

Observe that pEpA, Qq, tEnpA, QqunPNq is isomorphic to the completed group algebra of Q
over A filtered by the n-th power of the augmentation ideal.

‚ From Magnus isomorphism, we deduce an isomorphism of graded Lie A-
algebras: L pAq »

À

n FnpAq{Fn`1pAq. We define L pA, Qq from pPQq by the quo-
tient of L pAq isomorphic, through the Magnus isomorphism, to

À

nPN LnpA, Qq where

10



LnpA, Qq – QnpAq{Qn`1pAq. In this paper, we assume (or show) that L pA, Qq is free
over A. Since Q is finitely generated, we define

cnpA, Qq – rankAEnpA, Qq, and anpA, Qq – rankALnpA, Qq.

From [15, Theorem 1.3] and [12, Corollary 1.4], if L pA, Qq is torsion-free over A,
then U pL pA, Qqq » E pA, Qq, which is also torsion-free by the PBW Theorem.

‚ When A is clear from the context, in order to simplify the notations, we prefer
to write EpQq, E pQq, L pQq, IpRq, I pRq... rather than EpA, Qq, E pA, Qq, L pA, Qq,
IpA, Rq, I pA, Rq...

Graph theory and algebraic structures. — We denote an n-clique of Γ, i.e. a max-
imal complete subgraph of Γ with n vertices, by its n-uplet vertices pi1, . . . , inq. We order
this n-uplet of vertices by ij ă ij`1. We define Γn the set of n-cliques of Γ.
We consider A – t1A , . . . , kA u a family of objects in one of the following categories:

1. finitely generated pro-p groups, where r‚, ‚s denotes the commutator, and x‚y is the
normal closed subgroup generated by ‚,

2. (locally finite) A-graded Lie algebras, where r‚, ‚s denotes the Lie-bracket, and x‚y

is the A-Lie-ideal generated by ‚,
3. finitely generated A-filtered algebras, where rX, Y s – XY ´ Y X for X and Y

elements in a finitely generated A-filtered algebra, and x‚y is the closed two-sided
ideal generated by ‚.

All of these categories are endowed with a coproduct. For every i P X, we have canonical
maps iA Ñ

šk
j“1 jA . We define the graph product ΓA of the family A by Γ by:

ΓA –

k
ž

i“1

iA {xrιupuaq, ιvpvaqs| tu, vu P Ey.

Let 1Γ – p1X,1 Eq be a subgraph of Γ. We define the subfamily 1A – tjA ujP1X of A
indexed by 1X. This allows us to define the graph product 1Γp1A q. We also infer canonical
maps ι1Γ{Γ :

1Γp1A q Ñ ΓA , and ιΓ{1Γ : ΓA Ñ 1Γ1A .
Let G – t1G, . . . , kGu be a family of finitely presented pro-p groups. For 1 ď i ď k,

we denote by tix1, . . . , ixidu a set of generators and til1, . . . , iliru a set of relations of iG,
for 1 ď i ď k. We have a free presentation iG » iF {iR. Let iE pAq be the graded
algebra on iXj over A where 1 ď j ď id, and every variable iXj has degree one. We also
define I pA, iRq the two sided ideal of iE pAq generated, through the Magnus isomorphism,
by GradpiRq. This allows us to define E pA, iGq – iE pAq{I pA, iRq.

1. Proof of Theorem A and some applications

This section proves Theorem A using techniques from the author [12], Lazard [19]
and Leoni [21, Chapter 1, §1.1-§1.3]. Then we apply these techniques to infer Proposi-
tion 1.11, which is a result on the torsion-freeness of graph products over some algebras.

We assume here that Q is a finitely generated pro-p group and L pZp, Qq is torsion-
free. Observe that [31, Corollary 4.2] allows us to recover the notations from [12], i.e.
for every positive integer n:

QnpZpq “ tq P Q | ψZp,Qpq ´ 1q P EnpZp, Qqu.
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1.1. Proof of Theorem A. — Strictly filtered maps play a fundamental role in our
proof. We refer to the previous section and [21, Chapter 1, §1.1-§1.3] for general references
on them. Recall, from Equations (2) and (3), that it is sufficient to show the following
result.

Theorem 1.1. — For every positive integer n, we have cnpFp, Qq “ cnpZp, Qq.

Remark 1.2. — Let us note that Theorem 1.1 can be proved using [25, Theorem B]
and universal enveloping algebras. Here we present an alternative proof that does not
involve p-restricted Lie algebras. The arguments developed in this subsection are also
useful for the study of graph products. We refer to the subsection 1.2.

Let us introduce the group algebra ArQs, which is, through the Magnus isomorphism,
dense in EpA, Qq. Thus, we have a map

ϕp,Q : EpZp, Qq Ñ EpFp, Qq; defined by
ÿ

qPQ

aqq P ZprQs ÞÑ
ÿ

qPQ

aqq P FprQs,

where aq is the image of aq in Zp modulo pZp. This map is a surjection of filtered Zp-
algebras. By abuse of notation, we denote by ϕp the map ϕp,F : EpZpq Ñ EpFpq. This
application maps a series P –

ř

w aww to ϕppP q –
ř

w aww, for w monomials, aw
coefficients in Zp and aw in Fp the image of aw modulo pZp. This map is surjective and
strictly filtered.

Let us also note that the map eπA,Q is defined, through the Magnus isomorphism,
by the application which sends

ř

fPF aff in ArF s to the element
ř

qPQ

´

ř

f |πQpfq“q af

¯

q

in ArQs.

Lemma 1.3. — We have the following commutative diagram, where all maps are strictly
filtered:

0 IpZpq EpZpq EpZp, Qq 0

0 IpFpq EpFpq EpFp, Qq 0

ιZp,Q eπZp,Q

ϕp ϕp,Q

ιFp,Q eπFp,Q

Thus we deduce the commutative diagram:

0 I pZpq E pZpq E pZp, Qq 0

0 I pFpq E pFpq E pFp, Qq 0

GradpιZp,Qq GradpeπZp,Qq

Gradpϕpq Gradpϕp,Qq

GradpιFp,Qq GradpeπFp,Qq

Proof. — The first diagram is commutative (see for instance [10, Proposition 4.3]). Fur-
thermore, by definition, the maps defined in the rows are all strictly filtered.

Since the map ϕp : EpZpq Ñ EpFpq is surjective and strictly filtered, then from [21,
Lemma 1.1.5], the map eπFp,Q ˝ ϕp is strict. Let us now show that ϕp,Q is strict. For this
purpose, we take u in EpFp, Qq of degree n, and we construct v in EpZp, Qq of degree n
such that ϕp,Qpvq “ u.

12



There exists ru in EpZpq of degree n, such that eπFp,Q˝ϕppruq “ u. Let us denote bym the
degree of v – eπZp,Qpruq, so m ě n. Since the diagram is commutative, then ϕp,Qpvq “ u,
thus m ď n. Therefore m “ n, and so ϕp,Q is strictly filtered. Consequently, all maps of
the previous diagram are strictly filtered. We conclude with [21, Lemma 1.3.6].

Remark 1.4. — Lemma 1.3 holds independently of the hypothesis that L pZp, Qq is
torsion-free.

Let us now study the kernel of Gradpϕp,Qq. For this purpose, we need the following
Lemmata:

Lemma 1.5. — The following conditions are equivalent:
piq The Zp-graded module L pZp, Qq is free.
piiq The Zp-graded module E pZp, Qq is free.

Moreover, under these conditions, we have U pL pZp, Qqq » E pZp, Qq.

Proof. — The PBW Theorem (see [12, Corollary 1.4]) provides the implication piq ùñ

piiq. Observe that [18, Theorem 2.4] shows piiq ùñ piq.
The last assertion is given by [15, Theorem 1.3]. His proof can be easily adapted to

the profinite case.

Lemma 1.6. — We have kerpGradpϕp,Qqq “ pE pZp, Qq, and so an isomorphism:

E pZp, Qq{pE pZp, Qq » E pFp, Qq.

Proof. — From Lemma 1.5, the graded Zp-module E pZp, Qq is torsion-free. Then
from [19, Chapitre I, p2.3.12q], the module EpZp, Qq is filtered-free over Zp. Con-
sequently, we deduce, from [19, Chapitre I, p2.3.12q], for every positive integer n a
well-defined map:

pEnpZp, Qq Ñ pEnpZp, Qq; pu ÞÑ pu,

where u is the image of umodulo En`1pZp, Qq. Since EnpZp, Qq is torsion-free, then pu “ 0
implies that u is in En`1pZp, Qq. Thus, the kernel of the previous map is pEn`1pZp, Qq.
Since for every integer n, pEpZp, Qq X EnpZp, Qq “ pEnpZp, Qq, we deduce:

GradppEpZp, Qqq –
à

nPN
pEnpZp, Qq{pEn`1pZp, Qq » pE pZp, Qq.

Furthermore, we have the following strict exact sequence:

0 Ñ pEpZp, Qq Ñ EpZp, Qq Ñ
ϕp,Q EpFp, Qq Ñ 0.

From [21, Lemma 1.3.6], we obtain the graded exact sequence:

0 Ñ GradppEpZp, Qqq » pE pZp, Qq Ñ E pZp, Qq Ñ
Gradpϕp,Qq E pFp, Qq Ñ 0.

We conclude by showing that the image of the map µp – Gradpϕpq|I pZpq is I pFpq.

Theorem 1.7. — We have a surjective map µp which makes the following diagram
commutative:
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0 I pZpq E pZpq E pZp, Qq 0

0 I pFpq E pFpq E pFp, Qq 0

GradpιZp,Qq

µp

GradpeπZp,Qq

Gradpϕpq Gradpϕp,Qq

GradpιFp,Qq GradpeπFp,Qq

Proof. — We define µp – Gradpϕpq ˝ GradpιZp,Qq and compute its image in E pFpq. This
image is isomorphic to

pI pZpq ` pE pZpqq {pE pZpq » I pZpq{ pI pZpq X pE pZpqq .

From Lemma 1.5, the Zp-module E pZp, Qq is torsion-free. Then I pZpq X pE pZpq “

pI pZpq. Thus the image of µp is I pZpq{pI pZpq.
Let us now show that I pZpq{pI pZpq » I pFpq. From Lemma 1.6, we have the chain

of isomorphisms:

E pFpq{I pFpq » E pFp, Qq » E pZp, Qq{pE pZp, Qq » pE pZpq{I pZpqq {p pE pZpq{I pZpqq .

Similarly, since E pZp, Qq is torsion-free, we deduce from the canonical map pE pZpq Ñ

pE pZp, Qq, pu ÞÑ pGradpeπZp,Qqpuq, the isomorphism:

pE pZp, Qq » pE pZpq{pI pZpq.

Thus, we have

E pFpq{I pFpq » pE pZpq{pE pZpqq { pI pZpq{pI pZpqq .

So I pFpq » I pZpq{pI pZpq. Then the image of µp is I pFpq and the kernel of µp

is pI pZpq.

Proof Theorem 1.1. — Let us write inpAq – rankAInpAq. From Theorem 1.7, we have :

cnpZp, F q “ cnpFp, F q, and cnpZp, Qq ě cnpFp, Qq, and inpZpq ě inpFpq.

From cnpA, F q “ inpAq ` cnpA, Qq, it follows that cnpZp, Qq “ cnpFp, Qq.

Remark 1.8. — The proof of Theorem 1.1 also shows that inpFpq “ inpZpq for every
positive integer n.

1.2. Graph products of graded algebras. — We aim here to study torsion on graph
products of algebras using techniques from the previous section. Let us start with the
following lemma:

Lemma 1.9. — Assume that G satisfies p˚Aq, then the A-universal envelope of ΓL pA, Gq,
denoted by U pΓL pA, Gqq is isomorphic to ΓE pA, Gq.

Proof. — The universal envelope functor U from the category of locally finite graded A-
Lie algebras to the category of A-associative algebras is a left adjoint, so preserves colimits.
Furthermore, it preserves products (see [6, §2, Proposition 2]). Thus U preserve graph
products (see [29, §2]), and so

U pΓL pA, Gqq » ΓU pL pA, Gq,

where L pA, Gq :“ tL pA, 1Gq, . . . ,L pA, kGqu. Since G satisfies p˚Aq, we observe (see for
instance [12, Corollary 1.4]) that U pL pA, iGqq » E pA, iGq. Thus

U pΓL pA, Gqq » ΓE pA, Gq.
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We now state the starting point of the proof of Theorem B.

Theorem 1.10. — Let G be a family of finitely generated pro-p groups satisfying p˚Aq.
Let Γf be the free graph on k vertices.

We have: L pA,ΓfGq » ΓfL pA, Gq and E pA,ΓfGq » ΓfE pA, Gq. Furthermore:

U pL pZp,Γ
fGqq » E pZp,Γ

fGq.

Proof. — The case A – Fp was proved by [22, Theorem 1.2]. Indeed only the abstract
case was considered, but we can conclude for the pro-p case using Lemma 1.9 and [9,
Page 312] (cnpFp, Qq “ rankFpI

0
npGq{I0n`1pGq where I0npGq is the n-th power of the aug-

mentation ideal of the group algebra of G over Fp).
The case A – Zp follows from [33, Corollary] (originally, only the abstract group case

was considered, but an adaptation of this proof to the pro-p case is straightforward). In-
deed, we have L pZp,Γ

fGq » ΓfL pZp, Gq which are both torsion-free. Furthermore, since
every pro-p group iG is finitely generated, we observe that

Ş

nPNGnpZpq Ă
Ş

nPNGnpFpq “

t1u. Finally, from [12, Corollary 1.4], we conclude that U pL pZp,Γ
fGqq » E pZp,Γ

fGq.

The rest of this section aims to illustrate techniques used in the proof of Theorem 1.7.
Let G – t1G, . . . , kGu be a family of finitely generated pro-p groups satisfying p˚Zpq. We
introduce E pZp, Gq – tE pZp, 1Gq, . . . ,E pZp, kGqu. We show that the algebra ΓE pZp, Gq

is torsion-free.

Proposition 1.11. — If the family G satisfies the condition p˚Zpq then ΓE pZp, Gq

and ΓL pZp, Gq are free over Zp.

Proof. — From Lemma 1.5, it is sufficient to show that ΓE pZp, Gq is torsion-free. Recall
that E pA, iGq – iE pAq{I pA, iRq, and we define ΓfI pA, Rq the two sided ideal in E pAq

generated by I pA, iRq for every 1 ď i ď k, and I pA,Γq the ideal in E generated by
riXu, jXvs with ti, ju P E. Observe that ΓI pA, Rq – ΓfI pA, Rq ` I pA,Γq is the kernel
of the map E pAq Ñ ΓE pA, Gq. Take u in EnpZpq. We show that if pu is in pΓI qnpZp, Rq,
then u is also in pΓI qnpZp, Rq.

From Theorem 1.10, it follows that that the algebra E pZp,Γ
fGq »

šk
i“1 E pZp, iGq is

torsion-free. Denote by GΓ a Right Angled Artin group presented by relations rixu, jxvs

with ti, ju P E. Then, the algebra E pZp,Γq – E pZpq{I pZp,Γq » U pL pZp, GΓqq is
torsion-free (see for instance [36] or [2] for further references). Thus, from Theorem 1.7,
we deduce surjections

µp,ΓfG : Γ
fI pZp, Rq Ñ ΓfI pFp, Rq, and µp,Γ : I pZp,Γq Ñ I pFp,Γq.

We define ηpFpq (resp. δpFpq) a Fp basis of Γf
nI pFp, Rq (resp. InpFp,Γq). Using

µp,ΓfG, µp,Γ and Remark 1.8, we lift these basis to ηpZpq (resp. δpZpq) which is a basis
of pΓfI qnpZp, Rq (resp. InpZp,Γq). Recall that E pZp,Γ

fGq and E pZp, GΓq are torsion-
free. Thus if pu is in pΓfI qnpZp, Rq (resp. InpZp,Γq) then u is in pΓfI qnpZp, Rq

(resp. InpZp,Γq).
We observe that J pZpq – ΓfI pZp, Rq X I pZp,Γq is an ideal in E pZpq and

E pZpq{J pZpq is torsion-free over Zp. Thus we rewrite ηpZpq :“ tη1pZpq, βpZpqu (resp.
δpZpq :“ tδ1pZpq, βpZpqu) a Zp-basis of pΓfI qnpZp,Rq (resp. InpZp,Γq) where βpZpq is
a Zp-basis of pΓfI qnpZp,Rq X InpZp,Γq.
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In particular, the family ηpZpq Y δpZpq – tη1pZpq, δ1pZpq, βpZpqu is Zp-free, and gener-
ates pΓI qnpZp, Rq. Furthermore, if pu is in pΓI qnpZp, Rq, then we write:

pu –
ÿ

αiη
1
ipZpq ` αjδ

1
jpZpq ` αlβlpZpq.

Which provides, mod p the relation:

0 “
ÿ

αiη
1
ipFpq ` αjδ

1
jpFpq ` αlβlpFpq,

where α is the image of α modulo pZp. Therefore, αi, αj and αl are all in pZp, thus we
write:

pu “ p
ÿ

`

α1
iη

1
ipZpq ` α1

jδ
1
jpZpq ` α1

lβlpZpq
˘

.

So u “
ř

i,j,l

`

α1
iη

1
ipZpq ` α1

jδ
1
jpZpq ` α1

lβlpZpq
˘

is an element in ΓI pZp, Rq.

2. Proof of Theorem B

In order to prove Theorem B, we need some results on amalgamated products and
related filtrations. Leoni [21] studied the Zassenhaus filtration of amalgamated products
under a natural condition. As we see in this section, his result can be extended for the
lower central series.

Let us denote by F the fraction field of A. We define EpQp, Qq the completed
group algebra of Q over Qp. For every integer n, we denote by EnpQp, Qq the n-
th power of the augmentation ideal of EpQp, Qq. The algebra EpQp, Qq is fil-
tered by the family tEnpQp, QqunPN. We consider EnpQp, Qq – GradpEpQp, Qqq –
À

nPNEnpQp, Qq{En`1pQp, Qq. Let us denote by FrQs the group algebra of Q over F,
filtered by the n-th power of the augmentation ideal. Since Q is finitely generated, we
observe that E pF, Qq » GradpFrQsq. Let us also define L pQp, Qq – L pZp, Qq bZp Qp.
As showed by Quillen [31, Theorem], the algebra E pF, Qq is the universal envelope
of L pF, Qq.

Theorem 2.1 (Quillen). — If Q is a finitely generated pro-p group, we have a graded
isomorphism:

U pL pF, Qqq » E pF, Qq.

Let Q1, Q2 and H be finitely generated pro-p groups. We assume that we have
morphisms λ1 : H Ñ Q1 and λ2 : H Ñ Q2. From λ1 and λ2, we infer mor-
phisms GradpF, λ1q : L pF, Hq Ñ L pF, Q1q and GradpF, λ2q : L pF, Hq Ñ L pF, Q2q.
Therefore, we define the amalgamated product:

Q – Q1

ž

H

Q2.

We also have an amalgamated product of L pF, Q1q and L pF, Q2q over L pF, Hq, that
we denote by L pF, Q1q

š

L pF,Hq
L pF, Q2q. We refer to [32] and [21, Chapter 4] for more

details on amalgamated products.
We have a natural morphism L pF, Q1q

š

L pF,Hq
L pF, Q2q Ñ L pF, Qq. Leoni [21,

Theorem 7, Chapter 4] showed that the previous morphism is an isomorphism when F –

Fp and GradpFp, λiq is injective for i P t1, 2u. This motivates the following definition:

Definition 2.2. — Let H and Q be finitely generated pro-p groups. Assume that we
have an injective morphism λ : H Ñ Q. We say that H is strictly F-embedded in Q if
the morphism GradpF, λq : L pF, Hq Ñ L pF, Qq is injective.
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Leoni’s proof of [21, Theorem 7, Chapter 4] yields the following result:

Theorem 2.3 (Leoni). — Let Q1, Q2 and H be finitely generated pro-p groups such
that H is strictly F-embedded in Q1 and in Q2. Then the graded morphism

L pF, Q1q
ž

L pF,Hq

L pF, Q2q Ñ L pF, Q1

ž

H

Q2q

is an isomorphism.

2.1. Field situation. — Let G be a family of pro-p group satisfying p˚Aq and Γ be an
undirected graph. As before, the family G defines a family of graded F-Lie algebra:

L pF, Gq – tL pF, 1Gq, . . . ,L pF, kGqu.

We naturally define ΓL pF, Gq. The goal of this subsection is to show the following result:

Theorem 2.4. — We have an isomorphism

L pF,ΓGq » ΓL pF, Gq.

The proof will be done by induction on the number of vertices of Γ. Let 1Γ – p1X, 1Eq

be a subgraph of Γ and 1G be the subfamily of G indexed by 1X. We have a canonical
map ι1Γ{Γ :

1Γ1G Ñ ΓG which maps ixj to ixj for every i P 1X and 1 ď j ď id.

Lemma 2.5. — The map ι1Γ{Γ :
1Γ1G Ñ ΓG is injective. Furthermore, the associated

map GradpA, ι1Γ{Γq is injective. Similarly, we have an injection 1ΓE pFp,
1Gq Ñ ΓE pFp, Gq.

Proof. — For every i P 1X and 1 ď j ď id, we observe that:

ιΓ{1Γ ˝ ι1Γ{Γpixjq “ ixj, and GradpA, ιΓ{1Γq ˝ GradpA, ι1Γ{ΓqpiXjq “ iXj.

Thus, we infer the following commutative diagram:

ΓG 1Γp1Gq L pA,ΓGq L pA, 1Γ1Gq

1Γp1Gq L pA, 1Γ1Gq

ιΓ{1Γ GradpA,ιΓ{1Γq

ι1Γ{Γ
id GradpA,ι1Γ{Γq

id

Therefore, we conclude that ι1Γ{Γ and ι1Γ{Γ,n,A are both injective. Considering similar
diagrams, we also show that we have an injection 1ΓE p1Gq Ñ ΓE pGq.

Corollary 2.6. — For every subgraph 1Γ of Γ, the pro-p group 1Γ1G is strictly F-
embedded in ΓG.

Proof. — From Lemma 2.5, we have an injection:

GradpA, ι1Γ{Γq : L pA, 1Γ1Gq Ñ L pA,Γq.

We conclude tensorizing by F over A.
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Proof of Theorem 2.4. — We argue by induction on k, the number of vertices of Γ. If k “

1. This is fine. Let us now assume that k ą 1. We have the following alternative.
piq If the graph Γ is complete, then we deduce that ΓG »

śk
i“1 iG. Thus L pA,ΓGq »

Àk
i“1 L pA, iGq » ΓL pA, Gq, and:

L pF,ΓGq » L pA,ΓGq
â

A
F »

˜

k
à

i“1

L pA, iGq

¸

â

A
F »

k
à

i“1

L pF, iGq » ΓL pF, Gq.

piiq We assume that Γ is not complete. Then there exists two vertices a and b which are
not connected by an edge. We define aΓ, bΓ and cΓ the subgraphs of Γ with vertices Xztau,
Xztbu and Xzta, bu. Consider aG – GztaGu, bG – GztbGu and cG – GztaG, bGu. Note,
from Lemma 2.5 and Proposition [32, Proposition 9.2.1], that we have the following
isomorphism:

ΓG » p
aΓaGq

ž

pcΓcGq

p
bΓbGq.

A similar isomorphism was observed by Green [11, Proof of the Lemma 3.20]. We also
recall, from the induction hypothesis, that:

L pF, iΓiGq »
iΓL pF, iGq, where i P ta, b, cu.

Furthermore, from Corollary 2.6, the pro-p group cΓcG is strictly F-embedded in aΓaG
and in bΓbG. Thus, from Theorem 2.3, we conclude

L pF,ΓGq » L pF, aΓaGq
ž

L pF,cΓcGq

L pF, bΓbGq » ΓL pF, Gq.

2.2. The case A “ Zp. — To conclude the proof of Theorem B, we show the following
result:

Theorem 2.7. — Assume that G satisfies the condition p˚Zpq, then L pZp,ΓGq is
torsion-free, and we have:

L pZp,ΓGq » ΓL pZp, Gq.

We introduce the following notations.
‚ If L is a graded Lie algebra over Zp, we define anpL q “ rankZpLn.
‚ If L is a graded Lie algebra over Qp, we define anpL q “ dimQp Ln.

Lemma 2.8. — Let L be a graded-Lie algebra over Zp. The following assertions are
equivalent:

‚ For every integer n, we have anpL bZp Qpq “ anpL q.
‚ The Zp-module L is torsion-free.

Proof. — Let us write L “ Lfree

À

Ltor, where Lfree is the free part of L and Ltors is
the torsion part. The module L is torsion-free if and only if Ltors is trivial. We conclude
the proof using the following isomorphism:

L bZp Qp » Lfree bZp Qp.
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Let L pA, Gq be the family tL pA, 1G, . . . ,L pA, kGqu. We recall that ΓL pA, Gq is
the graph product of the family L pA, Gq by Γ. This is a quotient of L pAq, the free
graded GradpAq-Lie algebra on iXj for 1 ď i ď k and 1 ď j ď id.

Lemma 2.9. — We have a natural surjective morphism of A-Lie algebras α : ΓL pA, Gq ↠
L pA,ΓGq, where L pA, Gq :“ tL pA, 1Gq, . . . ,L pA, nGqu.

Therefore, we have a surjection of graded-Lie algebras:

α bA F : ΓL pF, Gq ↠ L pF,ΓGq,

where L pF, Gq :“ tL pF, 1Gq, . . . ,L pF, kGqu.

Proof. — Consider the presentation

1 Ñ ΓR Ñ F Ñ ΓG Ñ 1,

where F is the free pro-p group on iXj for 1 ď i ď k and 1 ď j ď id, and ΓR is the closed
normal subgroup of F generated by iR with 1 ď i ď k and ruXa, vXbs with tu, vu P E
and 1 ď a ď ud and 1 ď b ď vd. We define RpΓq the kernel of the following epimorphism:

rα : L pAq ↠ L pA,ΓGq.

Observe that RpΓq is isomorphic to
À

n ΓRXFnpAq{ΓRXFn`1pAq. Let us write L pA, iGq –

iL {iR, where iL is a free A-Lie algebra on iX1, . . . , iXid, and iR »
À

n piR X iFnpAqq { piR X iFn`1pAqq

(the isomorphism is given by Magnus). Since for every positive integer n, iFnpAq Ă FnpAq,
then iR embeds into a subset of L pAq. In particular, since iR Ă ΓR, we infer
that iR Ă RpΓq.

Let ΓR be the A-Lie ideal in L pAq generated by iR with 1 ď i ď k and the family γ –

truXa, vXbsu with tu, vu P E and 1 ď a ď ud and 1 ď b ď vd. This is the kernel of the
canonical morphism L pAq ↠ ΓL pA, Gq. To conclude, we easily observe that γ Ă RpΓq.
Thus ΓR Ă RpΓq, and so rα induces a surjection

α : ΓL pA, Gq Ñ L pA,ΓGq.

Proof of Theorem 2.7. — Since G satisfies the condition p˚Zpq, then, from Proposi-
tion 1.11, the Lie algebra ΓL pZp, Gq is torsion-free. From Lemmata 2.8 and 2.9, we
obtain the following inequalities:

anpΓL pQp, Gqq “ anpΓL pZp, Gqq ě anpL pZp,ΓGqq ě anpL pQp,ΓGqq “ anpΓL pQp, Gqq,

the last equality is given by Theorem 2.4.
This implies that anpL pZp,ΓGqq “ anpL pQp,ΓGqq. Thus L pZp,ΓGq is torsion-free,

and the morphism α bZp Qp : ΓL pQp, Gq Ñ L pQp,ΓGq, given in Lemma 2.9, is an
isomorphism. Consequently, the surjective morphism α : ΓL pZp, Gq ↠ L pZp,ΓGq is
also an isomorphism.

Corollary 2.10. — Assume that the family G satisfies p˚Aq.Then E pA,ΓGq is torsion-
free. Furthermore, if we define E pA, Gq – tE pA, 1Gq, . . . ,E pA, kGqu, we infer

E pA,ΓGq » ΓE pA, Gq.
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Proof. — From Theorem 2.7, the A-module L pA,ΓGq is torsion-free. Thus, we infer
the following argument. On the one hand, from Lemma 1.5, we have U pL pA,ΓGqq »

E pA,ΓGq. On the other hand, from Lemma 1.9, we have U pΓL pA, Gqq » ΓE pA, Gq.
Therefore, we have:

E pA,ΓGq » ΓE pA, Gq.

3. Computation of gocha series and Koszulity

In this section we only consider finitely presented pro-p groups. Let G be a family of
pro-p groups. Except Corollary 3.6, we assume that A “ Fp and that for every 1 ď i ď k,
the graded algebra E piGq is Koszul.

3.1. Graph product of Koszul algebras. — We show the following result:

Theorem 3.1. — Assume that for every 1 ď i ď k, the graded algebra E piGq is Koszul,
then the graded algebra E pΓGq is also Koszul.

Proof. — We proceed by induction on k, the number of vertices of Γ.
If k “ 1, there is nothing to show.
If k ą 1, we distinguish the two following cases.
piq If Γ is a complete graph, we deduce that E pΓGq »

śk
i“1 E piGq. Since for every 1 ď

i ď k the algebra E piGq is Koszul, we infer by [30, Chapitre 3, Corollary 1.2] that E pΓGq

is Koszul.
piiq Let us assume that Γ is not a complete graph. Then following the notations and

arguments from the proof of Theorem 2.4 piiq, we have the following isomorphisms:

ΓG » p
aΓaGq

ž

pcΓcGq

p
bΓbGq, and ΓE pGq »

aΓE p
aGq

ž

cΓE pcGq

bΓE p
bGq.

By induction hypothesis and Theorem 2.4, the algebras aΓE paGq, cΓE pcGq and bΓE pbGq

are Koszul. Furthemore, from Lemma 2.5, the algebra cΓE pcGq is a subalgebra of aΓE paGq

and bΓE pbGq. Using [4, Lemma 3.13] from Blumer, we conclude that the algebra ΓE pGq

is Koszul. Thus, using Theorem 2.4, we conclude that E pΓGq is also Koszul.

Remark 3.2. — Alternatively, if we assume that E piGq is Koszul for 1 ď i ď k, we can
construct a linear resolution of free graded ΓE pGq-free modules. We are mostly inspired
by [2, Subsection 4.1].

For 1 ď i ď k, we consider a linear resolution of free graded E piGq-modules:

¨ ¨ ¨ Ñid3 piP2qFp bFp E piGq Ñid2 piP1qFp bFp E piGq Ñid1 E piGq Ñiϵ Fp Ñ 0,

where iϵ is the augmentation map and, for every integer j ě 0, the set iPj is a basis of
the E piGq-module piPjqFp bFp E piGq.

Let us recall that an m-clique pi1, . . . , imq in Γm is ordered by i1 ă i2 ă ¨ ¨ ¨ ă im. We
define a complex of free ΓE pGq-modules, using the following basis:

Pn –
ď

mPN

$

&

%

ď

pi1,...,imqPΓm

ď

n1`¨¨¨`nm“n

pi1v, . . . , imvq| ijv P ijPnj

,

.

-

,
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where the ni’s can also take value zero, and the derivatives:

dn : PnFp bFp ΓE pGq Ñ Pn´1Fp bFp ΓE pGq;

dnppi1v, . . . , imvqwq –

m
ÿ

j“1

p´1q
Nj

`

i1v, i2v, . . . , ijdnj
pijvq, . . . , imv

˘

w,

with N1 – 0, and Nj – n1 ` ¨ ¨ ¨ ` nj´1.

We make here a little abuse of notations: pi1v, i2v, . . . , ijdnj
pijvq, . . . , imvq does not denote

an element in Pn´1, but an element in Pn´1Fp bΓE pGq (precisely in Pn´1Fp bE pijGq).
We also note that we have splittings (graded Fp-linear maps) isj : piPjqFp bFp E piGq Ñ

piPj`1qFp bFp E piGq and is´1 : Fp ãÑ E piGq, such that:

pidj`1q ˝ pisjq ` pisj´1q ˝ pidjq “ idpiPjqFpbE piGq ´ iϵj,

where iϵ0 – iϵ and iϵj – 0 for j ě 1.
To show that the complex pPnFp bFp ΓE pGq, dnqnPN is acyclic, we introduce s´1 : Fp ãÑ

ΓE pGq and a family of sections tsj : PjFp b ΓE pGq Ñ Pj`1Fp b ΓE pGqujě0. For this
purpose, we use the Normal Form Theorem from Green [11, Theorem 3.9]. This result
was originally provided for groups, but it can be applied for graded algebras. A Fp-basis
of PnFp bFp ΓE pGq is given by elements vcw, where:

‚ vc is in Pn so vc – pi1v, . . . , imvq with c – pi1, . . . , imq P Γm, n1 ` ¨ ¨ ¨ ` nm “ n,
‚ w – pi1vj1q . . . pikvjkq, is a word with letters ivj P E piGq such that for every l:

piq il ‰ il`1, and piiq if il ą il`1, then til, il`1u R E.
We first assume that the first letter of w is not in every i0V such that pi0, i1, . . . , imq is

a pm ` 1q-clique of Γ, and i0 ă i1 ă ¨ ¨ ¨ ă im. Therefore, we define:

paq snpvcwq –
`

i1sn1pi1vq, i2v, . . . , ijv, . . . , imv
˘

w, with i1 ă i2 ă ¨ ¨ ¨ ă im.

If we are not in the previous case, then there exists i0 such that pi0, . . . , imq is in Γm`1,
i0 ă i1 ă ¨ ¨ ¨ ă im, and the first letter w0 of w – w0w

1 is in i0V . Then we introduce
elements i0vj in i0P1 and wj in E pi0Gq such that i0s0pw0q –

ř

jpi0vjqwj. Thus we define

pbq snpvcwq :“
ÿ

j

pi0vj, i1v, . . . , imvqwjw
1.

We leave it to the reader to verify that the preceding maps are indeed splittings.

3.2. Cohomology of graph products of Koszul algebras. — Assume that for ev-
ery 1 ď i ď k, the algebra E piGq is Koszul. We denote the cohomology of iG by:

H‚
piGq » A ‚

piGq – iE {I !
piGq,

where I !piGq is a two sided ideal of iE generated by a (known) family that we call S!piGq

in iE2 Ă E2. For background on Koszulity, consult [23, Chapters 3 and 4]. Let us compute
the cohomology of ΓpGq. We recall that E is the set of noncommutative polynomials
on tiXuu with 1 ď i ď k and 1 ď u ď id over Fp, graded by degpiXuq “ 1.

Corollary 3.3. — We have the following isomorphism of graded algebras:

H‚
pΓGq » A ‚

pΓGq – E {I !
pΓGq,
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where I !pΓGq is the two-sided ideal generated by the family:

S!
pΓGq :“

k
ď

i“1

S!
piGq Y S

p1q

Γ Y S
p2q

Γ , where

S
p1q

Γ – tpuXaqpvXbq ` pvXbqpuXaq for 1 ď u ă v ď k and 1 ď a ď ud, 1 ď b ď vdu

S
p2q

Γ – tpuXaqpvXbq, for u ‰ v, tu, vu R E and 1 ď a ď ud, 1 ď b ď vdu Ă E2.

Proof. — The algebra E pΓGq is Koszul. We compute A ‚pΓGq the Koszul dual of E pΓGq.
Further details on the Koszul duality can be found in [23, Chapter 3, §3.2.2]. For this
purpose, we compute I !pΓGq, the kernel of the natural surjection: E Ñ A ‚pΓGq. We
observe that S!pΓGq Ă I !pΓGq. Let us denote by SpiGq (resp. SpΓGq) a minimal family
in iE2 (resp. E2) generating I piGq (resp. I pΓGq). We have

|SpΓGq| “ 1r ` ¨ ¨ ¨ ` kr `
ÿ

1ďuăvďk;tu,vuPE

udvd, and

|S!
pΓGq| “

`

p1dq
2

´ 1r
˘

` ¨ ¨ ¨ `
`

pkdq
2

´ kr
˘

`
ÿ

1ďvăuďk;tu,vuPE

udvd`
ÿ

1ďu‰vďk;tu,vuRE

udvd.

We finally note that

dimFp E2 “ d2 “ p1d ` ¨ ¨ ¨ ` kdq
2

“ |SpΓGq| ` |S!
pΓGq|.

Thus S!pΓGq generates the ideal I !pΓGq. Since E pΓGq is Koszul, we conclude using [13,
Proposition 1] (see also [21]) that: H‚pΓGq » A ‚pΓGq.

Let us now precisely compute the gocha and Poincaré series of ΓG.

Proposition 3.4. — Assume that for every 1 ď i ď k, the algebra E piGq is Koszul,
then we have for every positive integer n:

hnpΓGq “
ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq.

Thus, we infer

gochapFp,ΓG, tq “
1

H‚pΓG,´tq
where H‚

pΓG, tq – 1 `
ÿ

nPN

hnpΓGqtn.

Proof. — We define the series:

PΓGptq – 1 `
ÿ

mě1

ÿ

pi1,...,imqPΓm

pH‚
pi1G, tq ´ 1q . . . pH‚

pimG, tq ´ 1q – 1 `
ÿ

ně1

pΓG,nt
n.

Note that for every integer n ě 1, we have:

pΓG,n –
ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq.

We also introduce SΓGptq – 1
PΓGp´tq

. By induction on the number of vertices k of Γ, we
show that:

PΓGptq “ H‚
pΓG, tq, and gochapΓG, tq “ SΓGptq.

If k “ 1, the equalities are true since E pGq is Koszul and from [13, Proposition 1].
Now, we assume that k ě 1. We again distinguish two cases.
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‚ If Γ is a complete graph, then

ΓG »

k
ź

i“1

iG and E pΓGq »

k
ź

i“1

E piGq.

For instance, using [13, Proposition 1], Theorem 3.1 and [30, Chapter 3, Corollary 1.2],
we deduce:

PΓGptq “

k
ź

i“1

H‚
piG, tq “ H‚

pΓG, tq, and gochapΓG, tq “

k
ź

i“1

gochapiG, tq “ SΓGptq.

‚ Let us assume that Γ is not a complete graph. Then following the notations and
arguments from the proof of Theorem 3.1 piiq we have the following isomorphisms:

ΓG » p
aΓaGq

ž

pcΓcGq

p
bΓbGq, and ΓE pGq »

aΓE p
aGq

ž

cΓE pcGq

bΓE p
bGq.

From [20, Lemme 5.1.10] and Theorem 3.1, we have:

H‚
pΓG, tq “ H‚

p
aΓaG, tq `H‚

p
bΓbG, tq ´H‚

p
cΓcG, tq “ PaΓaGptq ` PbΓbGptq ´ PcΓcGptq

“ 1 `
ÿ

mě1

ÿ

pi1,...,imqPaΓm

pH‚
pi1G, tq ´ 1q . . . pH‚

pimG, tq ´ 1q

`
ÿ

mě1

ÿ

pi1,...,imqPbΓm

pH‚
pi1G, tq ´ 1q . . . pH‚

pimG, tq ´ 1q

´
ÿ

mě1

ÿ

pi1,...,imqPcΓm

pH‚
pi1G, tq ´ 1q . . . pH‚

pimG, tq ´ 1q

“ 1 `
ÿ

mě1

ÿ

pi1,...,imqPΓm

pH‚
pi1G, tq ´ 1q . . . pH‚

pimG, tq ´ 1q “ PΓGptq.

From Theorem 3.1, the algebra E pΓGq is Koszul. Thus we obtain that gochapΓG, tq “

SΓGptq, which allows us to conclude.

Remark 3.5. — Alternatively, we can prove Proposition 3.4 directly from the resolution
constructed in Remark 3.2.

Corollary 3.6. — Assume that for every 1 ď i ď k, the algebra E pFp, iGq is Koszul,
and the algebra E pZp, iGq is torsion-free over Zp. Then we infer:

gochapZp,ΓG, tq “ gochapFp,ΓG, tq “
1

H‚pΓG,´tq
,

where

H‚
pΓG, tq – 1`

ÿ

n

hnpΓGqtn, and hnpΓGq “
ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq.

Proof. — From Proposition 3.4, we have

gochapFp,ΓG, tq “
1

H‚pΓG,´tq
.

We conclude with Theorems A and 1.1.
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4. Abstract group

Observe that the category of finitely generated abstract groups is endowed with a
coproduct. Thus, if G :“ t1G, . . . , kGu is a family of finitely generated abstract groups,
we similarly define its graph product ΓG, which is also finitely generated. Let us fix a
prime p and consider a finitely generated abstract group Q. Then we define its pro-p
completion pQp, and cQ the natural morphism cQ : Q Ñ pQp. Note that pQp is a finitely
generated pro-p group. From a family G, we infer a family pGp :“ tx

1G
p
, . . . , x

kG
p
u of finitely

generated pro-p groups. Rather than c
iG, we will use the notation ic : iG Ñ x

iG
p
. We define

H‚pQq the cohomology ring of the abstract group Q over Fp, where Fp is endowed with
trivialQ-action. We also denote by hnpQq, when it is defined, the integer dimFp H

npQq, for
every positive integer n. Let us recall that we always consider the continuous cohomology
for pro-p groups. So Hnp pQpq is the continuous n-th cohomology group of the pro-p
group pQp over Fp. The group Q is said p-cohomologically complete if for every positive
integer n, we have HnpQq » Hnp pQpq.

Set B either the ring Fp or Z. Let A and B be subgroups of Q. We denote by
rA,Bs and AB the (abstract) normal subgroups of Q generated by commutators ra, bs
and products ab, with a in A and b in B. We also denote by Ap the normal subgroup
of Q generated by ap for a in A. We define Q‚pZq and Q‚pFpq the lower central and the
p-Zassenhaus series of Q (as an abstract group). Precisely Q1pZq “ Q1pFpq :“ Q and for
every positive integer n:

QnpZq :“ rQ,Qn´1pZqs, QnpFpq :“ Qrn
p

spFpq
p

ź

i`j“n

rQipFpq, QjpFpqs.

Let L pBq be the free graded B-Lie algebra on tX1, . . . , Xdu. Let F be an abstract
finitely generated free group on d generators. Similarly to the pro-p case, we have a
Magnus isomorphism, which induces an isomorphism:

L pBq »
à

n

FnpBq{Fn`1pBq.

This allows us to introduce L pB, Qq, which is the quotient of L pBq isomorphic to
À

nPNQnpBq{Qn`1pBq, through the previous isomorphism. Let us also note that the
map cQ : Q Ñ pQp induces two morphisms:

cQpFpq : L pFp, Qq Ñ L pFp, pQp
q, and cQpZpq : L pZ, Qq bZ Zp Ñ L pZp, pQp

q,

satisfying cQpAqpXiq “ Xi. Observe, when Q is finitely generated, that cQpFpq is an
isomorphism.

This section has two goals. We introduce a first subsection, where we recall tools
needed to study pro-p completions of graph products. The second subsection computes
the cohomology of ΓG, when G is a family of p-cohomologically complete groups. The
last subsection computes L pB,ΓGq, under some technical conditions on the family G
related to the pro-p case (precisely p˚Zq).

4.1. Facts on graph products and their pro-p completions. — We have the fol-
lowing easy results that we will often use later without citing them.

Lemma 4.1. — We have an isomorphism xΓG
p

» Γ pGp.
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Proof. — We note that xΓG
p

and Γ pGp have the same presentation as pro-p groups. Thus
they are isomorphic.

Lemma 4.2. — Let 1Γ – p1X, 1Eq be a subgraph of Γ – pX,Eq, and consider 1G the
subfamily of G indexed by 1X. Then we have the following monomorphisms:

ιabsΓ{1Γ :
1Γp

1Gq ãÑ ΓG, and ιpΓ{1Γ :
{1Γp1Gq

p
ãÑ xΓG

p
.

Proof. — We define ιabsΓ{1Γ :
1Γp1Gq Ñ ΓG and ιpΓ{1Γ :

{1Γp1Gq
p

ãÑ xΓG
p

the canonical maps
sending ixj to ixj for i P 1X and 1 ď j ď id.

Similarly to the proof of Lemma 2.5, we see that ιabsΓ{1Γ and ιpΓ{1Γ are monomorphisms.

4.2. Cohomology on graph products. — The proof of the following result is based
on amalgamated products:

Corollary 4.3. — We assume that for every 1 ď i ď k, the finitely generated abstract
group iG is p-cohomologically complete. Then, the group ΓG is p-cohomologically com-
plete.

Proof. — We compare the cohomology groups of ΓG and xΓG
p
. The argument is very

similar to the proof of Theorem 2.4.
We proceed by induction on k, the number of vertices of Γ (and also the number of

groups in the family G). If k “ 1, then G – t1Gu and ΓG – 1G is p-cohomologically
complete. Assume that k ą 1. We distinguish two cases.

‚ If Γ is complete, then ΓG »
śk

i“1 iG. Thus from Künneth formula, and its pro-p
version given in [28, Chapter II, §4, Exercise 7], we show that for every positive integer n:

Hn
pΓGq »

à

tj1,...,jluĂt1,...,ku

à

n1`¨¨¨`nl“n

Hn1pj1Gq b ¨ ¨ ¨ b HnlpjlGq

»
à

tj1,...,jluĂt1,...,ku

à

n1`¨¨¨`nl“n

Hn1pj1
pGp

q b ¨ ¨ ¨ b Hnlpjl
pGp

q » Hn
pΓ pGp

q.

‚ We assume that Γ is not complete. Then there exists two vertices a and b which are
not connected by an edge. We define aΓ, bΓ and cΓ the subgraphs of Γ with vertices Xztau,
Xztbu and Xzta, bu. We define aG – GztaGu, bG – GztbGu and cG – GztaG, bGu.
From Lemma 4.2 and [32, Proposition 9.2.1], we observe (similarly to [11, Proof of
Lemma 3.20]) that:

ΓG »
aΓp

aGq
ž

cΓpcGq

bΓp
bGq, and Γ pGp

» p
aΓqx

aG
p ž

pcΓq x
cG

p

p
bΓqxbG

p
.

By the induction hypothesis, the groups aΓpaGq, bΓpbGq and cΓpcGq are p-cohomologically
complete. Using Lemma 4.2 and [24, Corollary 3.2], we conclude that ΓG is p-
cohomologically complete.

Remark 4.4. — The author would like to thank Li Cai for bringing the following general
result to his attention. We assume that for every 1 ď i ď k and for every positive
integer n we have hnpiGq ă 8. Then, for every positive integer n, we obtain, from [1,
Theorem 2.35], the formula:

hnpΓGq “
ÿ

mě1

ÿ

pi1,...,imqPΓm

ÿ

n1`¨¨¨`nm“n

hn1pi1Gq . . . hnmpimGq.
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From this argument and Proposition 3.4, we can deduce an alternative proof of Corol-
lary 4.3, when E pFp,xiG

p
q is Koszul, for 1 ď i ď k.

Example 4.5. — Let us consider the case where 1G “ 2G “ ¨ ¨ ¨ “ kG “ Z. We
observe that Z is p-cohomologically complete for every prime p. Thus RAAGs are p-
cohomologically complete for every p. This case was studied by Lorensen using HNN-
extensions in [24].

4.3. Filtrations on graph products. — For every i, we denote by ic the natural
morphism ic : iG Ñ x

iG
p
. Observe that ic induces two morphisms:

icpFpq : L pFp, iGq Ñ L pFp,xiG
p
q, and icpZpq : L pZ, iGq bZ Zp Ñ L pZp,xiG

p
q.

Since iG is finitely generated, then the map icpFpq is an isomorphism. Let us recall that
the family G satisfies p˚Zq if for every 1 ď i ď k, and every prime p we have:

(˚Z)

#

piq the Zp-module L pZp,xiG
p
q is free,

piiq the map icpZpq : L pZ, iGq bZ Zp Ñ L pZp,xiG
p
q is an isomorphism.

In addition, we recall that a family of finitely generated abstract groups G defines
families of graded locally finite A and B-Lie algebras L pA, pGpq and L pB, Gq. These
families allow us to define ΓL pA, pGpq and ΓL pB, Gq. This subsection aims to show the
following result:

Theorem 4.6. — Let p be a prime and G be a family of finitely generated abstract
groups G – t1G, . . . , kGu. Then

L pFp,ΓGq » ΓL pFp, Gq.

Furthermore, if the family G satisfies p˚Zq, then L pZ,ΓGq is torsion-free and

L pZ,ΓGq » ΓL pZ, Gq, and L pZ,ΓGq bZ Zp » ΓL pZp, pGp
q.

As a consequence, for every integer n and every prime p, we have:

anpZ,ΓGq “ anpZp,Γ pGp
q.

Let us note, using the Magnus isomorphism (for the abstract case), that ΓL pB, Gq

and L pB,ΓGq are both quotients of L pBq, the free-B-graded Lie algebra on tiXju1ďiďk,1ďjďid.

Lemma 4.7. — Assume that G is a family of finitely generated abstract groups, then
we have a canonical surjection:

α : ΓL pZ, Gq ↠ L pZ,ΓGq, iXj ÞÑ iXj,

for every 1 ď i ď k and every 1 ď j ď id.

Proof. — The proof is very similar to the proof of Lemma 2.9, using the Magnus isomor-
phism in the abstract case.

Our main strategy is to prove, under the condition p˚Zq, that α is an isomorphism.
Before proving Theorem 4.6, we need the following result:
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Lemma 4.8. — Assume that the family G satisifes p˚Zq. Then ΓL pZ, Gq is torsion-free
over Z, and for every prime p, we have an isomorphism:

ωp : L pZp,Γ pGp
q » pΓL pZ, Gqq bZ Zp, iXj ÞÑ iXj,

for every 1 ď i ď k and every 1 ď j ď id.

Proof. — Since ΓL pZ, Gq is a colimit (see for instance [29, Section 2]), we first have the
isomorphism:

pΓL pZ, Gqq bZ Zp » Γ pL pZ, Gq bZ Zpq ,

where

L pZ, Gq bZ Zp – tL pZ, 1Gq bZ Zp, . . . ,L pZ, kGq bZ Zpu » L pZp, pGp
q,

and the last isomorphism is given by p˚Z, iiq.
Observe that ΓL pZ, Gq is torsion-free over Z, if and only if for every prime p, the Zp-

module pΓL pZ, Gqq bZ Zp is torsion-free. We infer from the previous isomorphism and
Theorem B the following isomorphisms, defining ωp:

L pZp,Γ pGp
q » ΓL pZp, pGp

q » Γ pL pZ, Gq bZ Zpq » pΓL pZ, Gqq bZ Zp.

Furthermore, from Theorem B, the module L pZp,Γ pGpq is torsion-free for every prime p.
Thus L pZ,ΓGq is also torsion-free.

We now prove Theorem 4.6.

Proof Theorem 4.6. — We distinguish several cases:
‚ We start to show that L pFp,ΓGq » ΓL pFp, Gq for a fixed prime p. We recall that,

for every finitely generated abstract group Q, we have L pFp, Qq » L pFp, pQpq. Thus,
from Theorem B, we have

L pFp,ΓGq » L pFp, xΓG
p
q » L pFp,Γ pGp

q » ΓL pFp, pGp
q » ΓL pFp, Gq.

‚ We now assume that G satisifes p˚Zq. We show that α : ΓL pZ, Gq Ñ L pZ,ΓGq,
defined by Lemma 4.7, is an isomorphism. For this purpose, we show that for every
prime p, the associated morphism:

αp : pΓL pZ, Gqq bZ Zp Ñ L pZ,ΓGq bZ Zp

is an isomorphism. Since α is surjective, then αp also and we notice that αp maps iXj

to iXj where 1 ď i ď k and 1 ď j ď id. Recall that the morphism cΓG : ΓG Ñ xΓG
p

defines a morphism:

cΓGpZpq : L pZ,ΓGq bZ Zp Ñ L pZp,Γ pGp
q; iXj ÞÑ iXj,

where 1 ď i ď k and 1 ď j ď id. From Lemma 4.8, we deduce the following chain of
morphisms:

ΓL pZ, Gq bZ Zp L pZ,ΓGq bZ Zp

L pZp,Γ pGpq L pZp,Γ pGpq

αp

cΓGpZpq

ωp

cΓGpZpq˝αp˝ωp

For every 1 ď i ď k and every 1 ď j ď id, we have cΓGpZpq ˝ αp ˝ ωppiXjq “ iXj. Thus
we deduce that cΓGpZpq ˝ αp ˝ ωp is the identity, and so an isomorphism. Since ωp is an
isomorphism and αp is surjective, we deduce that αp is injective, so also an isomorphism.
Thus cΓGpZpq is an isomorphism. This allows us to conclude.
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Remark 4.9 (Group algebras and filtrations). — Let p be a prime. Assume that Q
is a finitely generated abstract group. Consider EpB, Qq the group algebra of Q over B.
Let n be a positive integer, and denote by EnpB, Qq the n-th power of the augmenta-
tion ideal of EpB, Qq. We define E pB, Qq –

À

nPNEnpB, Qq{En`1pB, Qq. We observe
that E pFp, Qq » E pFp, pQpq.

Let us also note that if G is a family of abstract groups satisfying p˚Zq, then L pZ,ΓGq

is torsion-free over Z. Moreover its universal envelope is given by E pZ,ΓGq. For further
details, consult [15, Theorem 1.3].
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